
z.

"%.,

f

FINAL REPORT

NASA CR-72836

2

{

I

FIRST YEAR EFFORT

STARTING SEPTE}fl3ER 1965

(Revised November 25, 1967)

A PROBABILISTIC FL_fHOD OF DESIGNING SPECIFIED RELIABILITIES INTO

MECHANICAL COMPONENTS WITH TIME DEPENDENT STRESS AND STRENGTI[ DISTRIBUTIONS

by

Dr. Dimitri Kececloglu, Joe W. McKinley and Maurice J. Saroni

...... prepared for the

• NATIONAL AEROR_UTICS AND SPACE ADMINISTRATION

January 25, 1967

CONTP_ACT NG_ 03-002-044

Technical >_nagement ,

NASA Lewis Research Center

Cleveland, Ohio

Vincent R. Lalli

Reproduced by

NATIONAL TECHNICAL
INFORMATION SERVICE

U S Deparfment of Commerce

Springfield, VA. 22151

THE UNIVE?,SITY OF ARIZONA

College of Engineering

Engineering Experiment Station

Tucson, Arizona
SUIJKT10_.

_-_-7_3_) _ _o__s_ _o_
°__ _c_ ___ _o

MECHANICAL COMPONENTS WITH TIHE DEP£NDENT

STRESS D. Kececioqlu, et al (Arizona

Univ., Tucson.) 25 Jan. 1967 3@2 p
!
¢

I

N72-75948

Unclas
00/99 48836

,|

1

i

l
I

:I

i

-t
1

, 1

• [

:. _



CONTENTS

Pa_

FIGURES • . • • • . . • • . . . . . . • • • • • ix

LIST OF SYMBOLS , , , , , • • • • • • • • • • • • xvii

LIST OF ABBREVIATIONS . • • • • • • • • • • • • • • xxili

SECTION I - IESIGN-BY-RELIABILITY METHODOLOGY FOR PARTS

SUBJECTED TO COMBINED-STRE$8 FATIGUE LOADING. . • •

i.I INTRODUCTION TO A SCIENTIFIC MECHANICAL COMPONENT

IESIGN METHODOLOGY. . • • • • • • • • • • • . 9

1.2 A SCIENTIFIC MECHANEAL COMPONE_f DESIGN METHODOLOGY • • Ii

Conventional Design Example. . . . • • • • • • 14

Design by Reliability. ' --" --" when the . . . 26
D_termlnation of Component Reliability
Failure Governing Stress and Strength Distributions

are Normal . . . • • • • • • • • • . • . 26

Reliability Design Example . . . . • • • • • • 30
Conclusions and Recommendations . . • • • • • • 35

1.3 FAILURE GOVERNING STRENGTH THEORIES A/{D DESION
METBODS FOR CC_BINED-STRESS FATIGUE . . • • • • • • 37

Introduction. . . • • • • • • • • • • • • 37
Theories of Failure . . . . • • • • • • • • 37

Conclusions and Recommenda%ions . • • • • • • • 41

Design Method for Combined Stresses . . • • • • • 41

Summary . . . . . . . • • • • • • • • • 48

1.4 APPLICATION OF THE _ESIGN-BY-RELIABILITY METHODOLOGY

TO COMBINED-STRESS FATIGUE . . • • • • • • • • • 51

Introduction. . . • • • • • • • • • • • • 51

The Time-lnvariant Case . . . . . • • • • • • 51

The Time-Variant Case. . . . . • • • • • • • 59

Summary . . . . • • • • • • • • • • • • 60

RE--ICES . . . . . . . . o . . . . . . . 63

Precedingpageblank lii



_e

SECTION 2 - FUNCTIONS OF RANDOM VARIAHLES FOR STRUCTURAL

RELIABILITY APPLICATIONS • • • • • • • • • •

2.1 INTRODUCTION. • • • • • • • • • • • • • • •

2.2 SELECTIDN OF DISTRIBUTIONS WHICH ARE IMPOEYANT

TO STRUCTURAL RELIABILITY . • • • • • • • • • •

Introduction. . • • • • • • • • • • • • •

The Normal Distribution . . • • • • • • • • •

The Lognormal Distribution . . . • • • • • • •
The Weibull Distribution. . • • • • • • • • •

The Gaz_a Distribution . . . • • • • • • • •

The Beta Distribution. . • • • • • • • • • •
Estimation of Parameters of E_stributions . • • • •

SummAry . . . . . • • • • • • • • ._ ° •

2.3 NATHEMAT_CAL DEFINITION OF IMPOEfAN_ DISTRIBUTIONS • • •

The _rmal p d f . . • • • • • • • • • • •

The Lognormal p d f . • • • • • • • • • • •

The We ibull p d f . . • • • • • • • • • • •

The Gamma p d f. . . • • • • • • • • • • •
/

The Betapdf . . . • • • • • • • • • • •

@ • • @ • • • • @ • @ • • @ • @

2.4 MATHEMATICAL C_CEPrS AND DEFINITIONS . . • • • • •

Introduction. . . • _n" " " " " " " " " "
The Probability Dsnsity ction . . • • • • • •
The Cumulative Distribution Function. . • • • • •

Mathematical Expectation. . . • • • • • • • •

Special Mathematical Expectations. . • • • • • •

Marginal Distributions . . • • • • • • • • •
Stochastic Independence . • • • • • • • • • •

@ @ • @ • @ @ @ • @ @ • @ @ @ •

2.5 MATHEMATICAL METHODS USED IN THE STUDY OF

FUNCTIONS OF RANDOM YARIAHLK$ . . • • • • • • @

Introduction. • • • _t_ d.__._ • • • • •The Algebra of No_ _ctions • • • • • •

The Chan_e of Variable I'_thod . • • • • • • • •

The Moment Generating Function Method . . • • • •

The Fourier Transform Method . . .
The Mellin Transform, Convolution and _vers_n _g

The Characteristic Function _thod . . . • • • •

The Cu_atlve Distribution Function Method , . . •

The Monte Carlo Method , , . • • • • • • • •

• • • • $ • • • • @ @ • @ • @ •

iv

67

69

73

73
73
74
75
77
78
78
80

81

81

82

82

83

84
84

85

85
85
85
86
86
87
88
88

9O

90

9O

92
94

96

97

i01

102

103

I04



fw

2.6 SOME SIGNIFICA_f RESULTS FOR STRUCTURAL APPLICATIONS • •

Li: °Ratio of Normal Variables • • • • • " "

Product of n _ i0 Independent om

Fo, . '
Theorems for Functions of the LognormaA •
Product and Quotient of Two Independent

Theorems for the Beta Distribution

2.7 CONCLUSIONS AND RECOMMENDAT_DNS • • • • • • " " "

Conclusions • • • • • * • • " " " " " ' "
Recommendations. • • • • • • " " " " " " "

SECTION 3 - E_TERM_ATIGN OF FAILURE GOVerNING
STRENGTH DISTRIHUTIONS • • • • • • • ' " " "

3.1 INTRODUCTION. • • • • • • • " " " " " " " "

3.2 STRF&_TH SISTRI_JTION DETERMINATION BY
FUNCTIONS OF RANDOM VARIAE_S METnDD. • • • • • • "

Results of the Monte Carlo Approach . • • • • • •

3.3 FINDING THE FATIGUE STRENGTH _ISTRISUTION

BY DIRECT EXPERIMENT • • • • • • • " "

3.4 RELATING RESULTS FROM LABORATORX TESTS
TO PARTS IN SERVICE • • • • • • • • " " " " "

Determining Strength nistrlbutions From Published Data.

State-of-the-Art in Present-Day Design and Its

Relation to DBsign by Reliability • • • • • • "

Dd_c_ssion , • • • • * * • • • " " " " •

_EP_N CES • • • • • • • @ • • • • • • • •

SECTION 4 - DETERMI_YTIDN OF FAILURE GOVEHNING

STRESS DISTRIHUTIONS. • • • • • • " " " " "

4.1 I_TRODUCTION. • • • • • • " " " " " " " " "

4 2 LOAD DISTRIHUTIONS. • • • • • • " " " " " " "

Page

106

106

106

107

Ii0

Iii

112

114

115

115

116

120

125

127

128

131

132

139

141

141

149

149

150

153

155

155

v



Page

_.3

h.6

I °7

ILLUSTRATIVE EX_IPLES. . . . . . . .

STATE-OF-TI_-ART IN PRESENT-_Y DESIGN AND

ITS REIAT]DN TO DESIGN BY RELIABILIYY . .

Discussion

REFERENCE8 . . . . . . . . . . .

DIMENSION DISTRI_JT!O)IS . , . . . . . . . , . .

LOAD FACTOR DISTRIBI_IDNS . . . . . , . . . • .

DISTRIBUTIONS OF STRESS CONCENTRATION FACTORS. . . . ,

@ • @ @ •

SECTION 5 - BRIDGING THE GAP BY RELIABILITY TI_ORY.

5.1

5.2

5.3

5.h

5.5

• @ @ •

• • @ @

@ • @ •

• @ @ @

@ • @INTRODUCTION. . • . . • . , . . . . .

£GTE_INATION OF RELIABILITY WH_ I/K_DFd_AL STRESS

AND STR_rH DISTRIBUTIONS AR_ II_OLVED. . . . . . .

_T_ATION OF RELIABILITT FOR GENE_QLLY

DISTRIBUTED STRESSES AND STRENGTHS . . . . . . . .

TRANSFORM METHOD OF DETERMINING RELIABILY/Y WITH

NON-NORMAL STRESS A_D STRENGTII DISTRIBUTIONS . . . . .

COMPUTER SOLUT]DN OF THE GENERAL RELIABILITY EXPRESSIDN .

5.6 CONCLUSIONS AND _CO_TIONS . . . . . . . . .

R_RENCES . . . . . . . . . . . . . . . .

SECTION 6 - THE UNIVERSITY OF ARIZONA'S COMB_ED B_D!h_

AND TORS_DN FATIGUE TESTI_G MACHDIE FOR

RELIABILITY RF..SEAB.CII.. . . . . . . .

6.1 I_JTRODUCTION. . . . . . , . . . . . .

6.2 DESIBN P_ERS FOR THE TESTinG _MCHI_ . . .

Objective. . . . . . . . . . . .
Specifications i . . . . . . . . . .

S_LECTION OF TESTING T_I_IQUE.6.3
@ • @ • • •

Survey of Commercial Companies. . . . . .

Modifying Existing _chines. . . . . . .

Literature Survey . . . . . . . . . .

• • @

• @ •

• @ •

@ • •

• • @

• • m

vi

156

157

157

158

161

163

163

165

167

169

171

174

177 "

187

190

191

193

195

197

197

197

2OO

200

2OO

203



Page

6.4 COMBINED BENDING AND TORSIDN FATIGUE _%CH_ . . • . •

Initial Dssign of Test Machine. . . . . . • • •

The University of Arizona Fatigue Testing Machine . .

6.5 INSTRUMENTATION........ • • • • • • •

General Equipment . . . . . . • • • • • • •

Calculations for Bridge Output. . . • • • • • •

Machine _rawin_s . . . . . . . • • • • • •

6.6 COST ANALYSIS . . . . . . . . . • • • • • •

6.7 CONCLUSIONS . . . . . . . . . . . • • • • •

6.8 RECOMMENDAT]DNS. . . . . . . • . • • • • • •

REFERENCES . . , . . . • • • • • , • • • •

SECTION 7 - EXPER_NTAL PRDGEAM TO DETE_D_ STREngTH

SURFACES FOR DESIGN BY RELIABILITY . , • • • • •

7 I INTRODUCTIDN• • • • • • • $ • @ @ • @ @ @ @ @

7.2 CALIBRATION OF RESEARCH EQUIPMENT. . . . . • • • •

Required Calibration . . . . . • • • • • • •
Calibration Prooedure. . . . . . • • • • • •

7.3 TESTPLAN. . . . . . . . . • • • • • • • •

Data Requirements . . . . . . . . • • • • •
Data Sheet , . , , . ° ° . • ° ° • • • •

• • • • •
• • @ • I • @ • • @ @ @ • @ • •

7.4 TESTRESgLTS..... • . . • • • • • • . •

Digital Computer Programs for Rsduction of Data , . .
Results for Life Distributions. . . . • • • • •

Results for Strength Distributions . . . • • • •
Endurance Limit, . ° . . . . • ° ° • ° • •

7.5 DISCUSS3DN OF RESULTS. . . . . . • • • • • • •

Life nlstributions Normal vs. Lognormal. . . . • •

Strength Distributions Normal vs. Lognormal . . . .

Adequacy of Data and Data Processing _-_thods . . . .

208

2O8

209

235

235

235

244

247

251

252

253

259

261

262

262

262

278

278
278
282
282

283

283

285

290

290

292

292

292

292

_3

vii "



Pa_@

7.6 CONCLUSIONS AND RECO_.NDATIONS . • • • • • • • • 294

Conclusions • • • • • , • . • , . • • • • 294

Recommendations 294

REFERENCES • , , , • . , , • . • , • , , • 295

SECTION 8 - OVERAIL CONCLUSIONS , , • , • • • • • , , , 297

SECTION 9 - OVERALL RECOMM_DAT_DN8. o . . , , , . . . , 303

APPENDIX A - TYPICAL MONTE CARLO PROGRAM LISTING . , . . o , 307

APPenDIX B - TYPICAL PROGRAM LISTING FOR LIFE DISTRIBUT3DNS. . . 313

APPENDIX C - TYPICAL PROG_M LISTI_ F_ STRENGTH DL,_TRIBU_IONS . 319

APPENDIX D - LIST OF ERAWINGS FOR TEST MACEE_ . . . . . . o 327

ABSTRACT• , . , , • . . . , • • • , ° . . , . . 331

viii



FIGURES

rlgure _e

I.I

1.2

1.3

i._

1.5

1.6

1.7(a)

1.7(b)

1.8

1.9

i.i0

1.11

1.12

1.13

i.I_

1.15

1.16

1.17

1.18

Determination of the Failure Governing Stress and

Strength Distributions . . . . . . • • • • •

Rotating Circular Solid Shaft with Loads Acting on It .

Stresses Acting on an Element in a Rotating Shaft . .

Graphical Determination of the Resultant Moment

Acting on the Shaft . . . . . . . . . . . .

M_dlfied Goodman Ddagram. . . . . . . . . . .

Stress _Istribution . . . . . . . . . • • ,

Stress and Strength Distributions. . . . . . . .

Distribution of Difference Function of Strength

and Stress, f(_). . . . . . . • • • • • •
q

Relationship between Reliability and the
Standardized Normal Variate "t" . . . • • • •

j "

Strength - Cycle Curve for Simple Fatigue . . . . .

True Failure Governing Stress and Strength Distri-

butions Superposed on the Modified Goodman _iagram. .

Comparison of Fatigue Strer4ths in Bending and
Torsion for Cast Iron and Steel . . . . . . . .

Comparison of Fatigue Strength in Bending and Torsion .

Fatigue Strength at 107 Cycles of Reversed Stress . .

Combined-Stress Fatigue Test Data. . . . . . . .

Component Stresses for Equations (1.3.5) and (1.3.6) .

Modified Goodman Line. . . . . . . . . • • •

Effect of !Man Torsional Stress on Endurance Limit . .

Effect of Mean Torsional Stress on Endurance Limit . .

i0

15

17

19

22

27

28

28

31

33

36

39

39

40

40

42

42

44

45

ix



F ure
Pag@

1.19

1.20

1.23

1.24

1.25

1.26

2.1

2.2

2.3

2.5

3.3

3.4

Non-Dimenslonal Alternating Shear Stress-_an Shear

Stress Diagram for Notched Specimens of Ductile

Metals in Torsion. • • • • • • • • • • •

Stress Range Diagrams for Smooth and I_tched Bar

at Room Temperature to IOOOF . • • • • • • •

Possible Stress Components . . @ " @ @ @ @ • @ @

S-N _ram with Stress and Strength _kstributions

for Example I . • • • • • • • • • • •

Goodman I_Lagram with Stress and Strength

_istributions for Example 2 • • • • • • •

M_difi_d Goodman Diagram for Example 3 • • • • • •

Finite Life Distribution for Example 4 • • • • • •

Goodman Diagram of Stress and Strength Distributions

for Example 5. • • • • • • • • • " " " "

Weihull Failure Density Function (_ = I) • • • • •

Gamma Failure Density Function (_ = I) • • • • • •

Oraphs of the Density of (a + X)/(b + Y), where

a_O, b_O and X,Y are Independent, Standard Normal
Variables. Values a = 0/3, 1/3,...., 6/3 and

b = 0/8, 1/8, .... , 8/8 were chosen so as to represent
the Possible Shapes of the Density Function . • • •

The Density of (a + X)/(b ÷ Y) is unlmodal or B_
According to the Region of the Positive Quadrant in

which the Point (a,b) Falls . • • • • • • • •

The E_strib_tion of the Quotient of Two Independent

Random Gamma Variables • • • • • • • • • • •

Part Subjected to Reversed Bending . . • • • • •

S-N Diagram Depicting t_m Desired Strength

Distribution f(S).. • • • • • • • • • • •

Details of Large Diameter Shaft for which Strength

_istribution is Desired. . . • • • • • • • •

Distributions of the Times-to-Failure as found by

Fatigue Tests at Constant Stress Ratio. . • • • •

46

46

47

53

53

57

57

61

76

79

108

109

113

129

129

133

135

x



3.5

3.6

3.7

3.B

3.9

4.1

6.1

6.2

6.3

6.4

6.5

6.6

6.7

6.8

6.9

6.10

6.11

6.12

The Stren_%/l Distribution @ 105 Cycles for a

Stmess Ratio of Sa/S m - 2 • • • • • • • • • •

Goodman Fatigue Strength Diagram for 105 Cycles . . .

Size Effect - Bending, Axial, and Torsional Loads . .

Reduction of Endurance Strength due to Surface Finish .

Effect of Flame Strengthening on Notched SAE 1045
Steel Bars . . . . . . . . . • • • • • •

Solid Circular Shaft Circular 0roo%_ Bsnding

Stress Concentration Factors . . • , • • • • •

Notch Sensitivity Factors . . . . • • • • • •

Probability Areas of Stress and Stre_ for Reliability

Determination when Strength exceeds Stress . . . .

Trm%sform Method of Reliability Determination. . . .

Interval and Variable Designation for Simpson's

Rule of Numerical Tnte_ration. . . . . . . . .

Stress - Strength Interference Zone . . . . . . •

Proposed Modification of R. R. _bore Testir4 Hachine .

Proposed Hu_hes Fati6_e Testin_ Machine. . . . . .

Foster Fatigue Testing _chine. . . . . • . . •

Mabie-Ojesdahl Fatigue Testir_ Machine . . . . . .

Estimated S-N _ia_ram for SAE 4340, Condition C-4_

Ibat Treated to _ 35/40 • • • • • • • • •

Loadi_ Frame Analysis . . . . . . . • • •

Bearlnc _busin_ m_ram. . . . . . . . . •

Bearing llousi_ Fastener. . . . . . . . . . .

Horizontal Link Diagram . . . . . . . . . • .

Vertical Link Diagram. . . . . . , . . . . .

Loading Link nlagram . . . . . . . . . . . .

Pa_e

136

137

142

144

147

162

164

175

179

189

196

201

202

2O4

206

213

221

223

224

226

227

229

xi



_4

.'_ ,'11

0

0

_o

1"_" e'_

_ rn

0 ©

0

0 _ _.

0 _

m _

m
m

r/l

0

0

I-'t'

C0
_,,d.

0

m
t-'°

m

c_

I-,_o



J

Figure
_a_e

?.ll Estimated Tlmorotical and Experimental S-N Dlagram

for SAE 4340 Steel, Condition C-4, Heat Treated

_c 351_o. • • • • • • • • • • • •
287

xiii



TABLES

Table
Page

!

l

J

]

i.i

1.2

1.3

2.1

2.2

3.1

3.2

3.3

3.4

6.1

6.2

6.3

6.4

6.5

6.6

6.?

Predicted Ratio of Fatigue Strength in Bending to

Fatigue Strength in Torsion for Various Theories

of Failure • • • • • • • • " " " ' "

Ratio of Max. Shear Stress in Torsion Test to Max.

Shear Stress in Bending Test for Various Materials •

Design Equations for Specific Examples of General
Case shown in Figure 1.21 when only Alternating

Stresses are Present • • • . • • • • ' '

Distribution, Function of Distribution, and Source°

Reference. • • • • • • • • " " " " " "

Mathematical Methods Used in the Study of Functions

of Random Variables and Source References • • • ,

Effect of _%ot Peening on Endurance Limit - Specific

Test Values .... • • ._ • " " " ' " "

Effect of Cold Rolling and Cold Stretching on

Endurance Limit - Specific Test Values ....

Effect of Fresh Water Corrosion on Endurance Limit

of a Typical Steel. • . . • • • • • ' '

Fatigue Strength of Chromium Plated Parts ....

Resume of Design Criteria. • • • • • • • • "

Comparison of Testing Machines • . • • • • • •

Comparison of Couplings • • • . • • • " " '

Comparison of Gear Boxes • • • • • • • • • '

Instrumentation • • • • • • • " " " " ' " "

Cost Estimate for Test Machines Based on One Machine. •

Cost of Instrumentation • • • • • • • " " "

38

• 49

• 118

• 119

. 145

• 146

148

148

199

207

215

217

238

248

25O

XV

Precedingpageblank

41



|
|

I

I

1
!

!

!

I

!
!

I

i
t

!
1

Table

7.1

7.2

7.3

7.4

Expected Strain on Toolholder due to Dead Weight

of Loading Frame and Weights Applied Thereon . . . .

Expected Specimen Strain Level for a Given
Toolholder Strain Level . . . . . • • • • • •

Stress Ratios and Stress Levels to be Tested in

The University of Arizona Testing Program . . . . .

Results of Computer Runs Fitting Cycles-to-Failure

Data to Normal and Lognormal Distributions. . . . •

Comparison of Testing Methods for Endurance Limit. . .

Smmmary of Chi-square Goodness of Fit Results for

Cycles-to-Failure Distributions . . . • • • • •

/

xvl

Page

264

275

279

286

291

293



|.

|
!

!

!

|
!

!

S

!

|

!

]

|

)
1

V

A

Ai

(a, b)

B2 (a, b)

Ct

C

D

d

d i

do

dS

' FJ: E f(x

e

F

F(x),o(x),...

F(_)

r-l(,_)

LIST OF SYMBOLS

Description

Area, inches 2

Area- inner diameter, inches 2

Area - outer diameter, inches 2

Type one Beta distribution with

parameters a and b

Type two Bvta distribution _th

parameters a and b

Fatigue factor

Distance from center to outer fiber, inches

Major diameter, inches

Minor diameter, inches

Inner diameter, inches

Outer diameter, inches

Shaft diameter, inches

Modulus of elasticity, pounds per square inch

Mathematical expectation of f(x)

2. ?IB3

Force, pounds

Cumulative distribution function of x

Fourier transform of u

Inverse Fourier transform

xvii



f(s)

zz(yz)

i h

hi

l ho

I

j

| If

kb

k e

kf

KoCx)

Probability density function of x

Strength probability density function

Stress probability density function

Gamma p. d. f. with parameters_and

Marginal p. d. f. of Yl

Height, inches

Hole height, inches

Overall height, inches

Moment of inertia, inches

Polar moment of inertia, inches

Jacobian of inverse transformation

Theoretical stress concentration factor in bending

Fatigue stress concentration factor

Theoretical stress concentration factor

Modifying factor for surface

Modifying factor for size

Modifying factor for reliability

Modifyin_ factor for temperature

H_dlfying factor for stress concentration

Modifying factor for miscellaneous effects

Bessel function of second kind

xvili



_.(_ ,_)

l
M

M(c(x))

| M [f¢x)l _3

1 n
! P.F.

] Pr (x)

| Q(t)
q

!
R(z)

!

I Ri

S

| Se

8he

!
S

!
8s

l

D?scription

Lognormal distribution with parameters/_and O"

Characteristic length, inches

Moment, inches-pounds

Mellln transform of f(x)

Mbllin transform of f(x) with s replaced by

Normal p. d. f. with parameters/_ and

Revolutions per minute

Probability of failure

Probability of x

Unreliability as a function of time

Notch sensitivity factor

R_li us, inches /

Reliability as a function of time

Radius, inches

Resistance, ohms, i - I, 2# 3,

Strength

Mean strength

Theoretical endurance limit, thousand pounds

per square inch

Endurance limit corrected with service factors,

thousand pounds per square inch

Material strength in bending, thousand pounds

per square inch

Torsional modulus of rupture, thousand pounds

per square inch

xix



i

i

I

I
i

i

i

I

!

I

I

I

I

I

I

I

S_mbo !

S_,e

8 u

8

8y

8&

T

t

X, Y, Z, "'"

r(x)

£

A(B

_(t)

Descriptio n

Shear endurance limit

Ultimate strength, thousand pounds per square inch

Stress, pounds per square inch

Mean stress, pounds per square inch

Yield strength, pounds per square inch

Alternating stress, pounds per square inch

_ean stress, pounds per square inch

Torque, inches-pounds

A_e or mission time, hours

Weibull p. d. f. with parameters _,_, and
/

Random variables, general

Outcomes of random events

GREEK SYMBOLS

Weibull shape parameter, Gamma scale parameter

Gammas function of X

Weibull location parameter, Gamma shape parameter

Strain, micro inches/inoh

Set A is an element of set B

Weibull scale parameter

Failure rate

Failure rate as a function of time, failures/hour

XX



Symbol

n

7T
!

l

Td

dAI _

Mean of distribution

Poisson' s ratio

Safety factor, distribution

Product from 1 to n

Sum from I to n

Standard deviation of distribution

stre_s, pounds per square inch

Stress, pounds per equate inch, i = 1,2

Shear stress, pounds .per square inch

Shear stress in shaft, pounds per square inch

Allowable shea_:" stress in shaft, pounds per square inch

/

Characteristic function of t

Chi - E_,,are distribution with r degrees of freedom

xxi



V

ASME

ASTM

BR

DOD

D/N

FS

HP

HSS

in.

LSS

lb.

micro

NASA

psi

rpm

SAE

SCF

SF

SM

S-N

SNAP

v

LIST OF ABBREVIATIONS

American Society of Mechanical Engineers

American Society for Testing Materials

Bazic Rating

Department of Defense

Drawing Number

Factor of Safety

Horsepower

High Speed Shaft

Inch

Low Speed Shaft

POund
/

10-6

National Aeronautics and Space Administration

Pounds per square inch

Revolutions per minute

Society of Automotive Engineers

Stress concentration factor

Service factor

Safety margin

Stress-cycle

Space Nuclear Auxiliary Power

Von Mises- Henc ky-Goodman

Volt

xxiii
, Precedingpageblank



v

A PROBABILISTIC METHOD OF DESIGNING SPECIFIED

RELIABILITIES INTO MECHANICAL COMPONenTS WITH

TIME DEPEt_)ENT STRESS AND STRENGTH DISTRIBUTIONS

By Dr. Dimltri Kececioglu, Joe W. McKinley and Maurlce J. 8aronl

The University of Arizona

Tucson, Arizona

Sn_U_Y

A methodology is presented, for the first year's effort, which

enables an engineer to design a specified reliability into a component
which has time dependent strength distributions. The case of a

component s_bjected to combined-stress fatigue is treated specifically.

The theories of material failure which apply to components in fatigae

are reviewed, and the Von Mises theory of failure (distortion energy)

is selected for primary use. The maximum shear stress theory of

failure is used as an alternate. A large number of examples are given

which illustrate the design-by-reliability methodology. Basically,

the methodology consists of the following three steps l

I. Determining the failure-governing strength.

2. Determining the failure-governing stress.

3. Bridging the gap by reliability theory.

A thorough discussion of mathematical methods used in problems of
functions of random variables is included. The methods discussed are:

I. Algebra of Normal Functions.

2. Change of Variable.

3. Moment Generating Function.

h. Fourier Transform, Convolution, and Inversion.

5. Mellin Transform, Convolution, and Inversion.

6. Characteristic Function.

7. Cumulative Distribation Function.

8. Monte Carlo.

j/_1 •
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Definitlor_ of appropriate distributions are given, and a discussion

of their application to structural reliability is also given. Rosults

of applyin_ the mathematical techniques to these distributions are

presented. The results are useful in the area of structural reliability.

Methods for determining the distributions of failure-governlng stress

and strength are given. This includes the determination of the basic

stress and strength distributions, the distributions of influencing

factors, and methods for combining these into the final failure-goverr_tng

distributions. Analytical, numerical, and experimental methods are

discussed.

The methods for bridging the gap by reliability theory once the

failure-governin_ stress and strength distribations have been determined

are given. Thls includes analytical and numerical methods for both
normal and non-normal distributions.

Also described is the design, fabrication, and operation of fatigue

testing machines for reliability research. These machines utilize the

four-square principle to test relatively large specimens under reversed

bending and steady torque. These machines are providing valuable data

for combined-stress fatigue and for the generation of experimentally-

determined strength surfaces (t_ee-dimensior_al Goodman diagrams) for

the design-by-reliability methodology.

A test program now bein_ conducted at TI_ University of Arizona

is described in detail. This program is providinc data for the

demonstration of the design-by-reliability methodology.

Reco_endations for further research in this area are given.

References are given at the end of each Section.
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INTRODUCTION

Prior to this research effort, the basic methodology for

designing reliability into mechanical components by consideration of

the interference of their stress-strength distributions was discussed

by Kececioglu and Cormier (i)*. Included in this paper was a discus-

sion of Monte Carlo techniques for determining stress and strength

distributions, given the distributions of the factors affectil_ them.

Freudenthal (2) wrote a paper in which structural unreliability

was considered to be the probability, or risk, of failure. The safety
factor was shown to be a distribution function which is the

quotient of the strength to the strew, where both strength _d stress

are considered as statistical variables. Freudenthal, Garrelta, and

Shlnozuka (3) prepared a comprehensive report along the same lines

which discussed in more detail the mathematical techniques required,

the appropriate statistical distributions involved, and problems which

remained to be solved. Several example problems in structural relia-

bility were worked out, an extensive bibliography was given. These

efforts concentrated on simple fatigue and structural reliability.

The Battelle Memorial Institute t and its Mechanical Reliability
Research Center presented studies (2), (5) which described some of the

fundamental problems in mechanical rellability, and suggested methods
for their solution.

Mittenbergs (h) discussed the fundamental aspects of reliability

engineering as they pertain to mechanical devices. He stated that the

failure modes of meclmnical elements were basicallys

I. Deformation.

2. Fracture.

3. Instability.

He also asserted that many factors combine to determine the relia-

bility of a mechanical part under such failure modes. The interaction

of strength and load distributions was discussed. The Sixth Progress

Report of the Mechanical Reliability Research Center (5) su_Im_rized

a two-year research effort. This extensive research effort contained

a thorough discussion of mechanical reliability, and attempted to

quantify the relationships of various factors on such phenomena as

creep and fatigue. An extensive bibliography was included.

*Numbers in parentheses refer to References at the end of the Introduction.



The IIT Research Institute conducted a program in ,Methods for
Prediction of Electro-Mechanical Systems Reliability" (6). The program
was concerned with three major areas:

i. The study of prime mechanismsof failure in mechanical
design. Specific items included fatigue, s_rface
fatigue, wear, creep, and corrosion.

2. The application of failure mechanismand design
information for the reliability evaluation of
specific mechanical parts. Parts incl_ded were
gears, bearings, springs, and shafts.

3. The determination of mechanical system relia-
bility in terms of individual part reliability
figures.

A paper by G. Reethof, M. J. Bratt, and G. W. Weberof the Large Jet
Engine Department, General Electric Company,entitled "A Model for Time
Varying and Interfering Stress-Strength Probability Degradation," (7)

provided a computer approach towards the solution of the time variant

strength distribution case only and did not provide a complete solution

to it.

The above works provided some interesting and valuable contribu-

tions to the problem of designing specified reliabilitles into

mechanical components. However, a number of important aspects of this

problem remained to be investigated. The problem of time-variant

stress and strength distributions needed farther treatme,_t. The effects

of various factors, which are themselves dlstrlbations, on the distribu-

tions of the failure-governing stress and strength had yet to be fully

explored. The development of a formal engineering design methodology
for designing mechanical components had yet to be developed. Finally,
much of the work in mechanical reliability theory suffered from a lack

of statistically adequate data, due to a lack of test results on a

large number of identical mechanical components.

The purpose of the current investigation is to fill in the gaps
in the above-mentioned areas, with the following specific obJectlvesl

i. Develop a formal engineering methodology for design-

ing into mechanical components, subjected to

combined-stress fatigue which involves time-

dependent strength distributions, specified
reliabilities.

2. Explore the methods of functions of random
variables as applied to structural reliability.

. Explore the methods available for determining

failure-governing stress and strength distri-

butions and develop new ones.
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_o Explore the methods availaole for determining

reliability once the failure-governing stress

and strength distributions are Rmown and develop
now ones.

B Develop and fabricate fatigue testir_ machines

for rel£abillty research, so that the explored

and developed methodologies described above can
be demonstrated.

e Pursue a test program with a statistically

significant number of test specimens to obtain

data from which these methodologies can be
demonstrated.

This first year's researoh includes literature research, theoretical

research, design, development and fabrication of research equipment,
experimental research, and computer programming efforts.

The scope of the research effort has been broad and comprehensive,

and it has been intended timt this report will discuss all aspects of the

problem of desigl_n_ mechanical components which are subjected to combined-

stress fatigue by the deslgn-by-reliabillty methodolo_,_y. Included are all

aspects of estimating distributions, estimating stress and strength

factors, com_uting reliabilitles by various methods, and experimental

test procedures. This report should serve as a g_ide to the i_ole_enta-

tion of the design-by-reliability methodology and as a basis for future
research.

The breadth of coverage has resulted in mr_ areas bei_ uncovered
where more research in depth is required. These are mentioned in t_

body of the report and are also summarized in the overall Conclusions
and Recommendations section.

The design-by-reliability methodology described in this report is

a significantly new approach to the problem of design. This approach

will enable the engineer and designer to proceed in a rigorous and

scientific mam_er, according to a clearly defined method, to design a
specified reliability into a mechanical component s_bjected to combined-

stress fatigue. This is an important step forward in the science of

designing a specified reliability into a mechanical or electro-mechar_cal

components and from there into products and systems.

The first-year effort of the research on _d_ich this report is based

dealt exclusively with the time-dependent strength distribution and the

time-independent stress distribution. The time-dependent stress distri-

bution case is intended to be the subject of future research.

3
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Designing a specified reliability into a component requires that both its

failure - governing stress and its failure - governing strength L_ treated as

dlstrltutlons. _ioraover_ the nominal failure - governing stress and strength

must ordinarily Le modified by a number of factors and conditions to bring them

to the in-service failure - governing stress and strength.

Figure l.l (a) sl_ws how this is done in practice. The t_ninal stress and

the nominal strength are modified by various factors until the final dlstribu-

tlons of failure - governing stress and feilure - governing strength are deter-

mined. These distributions are sl_wn in Fig. l.l (b).

1,9_en the distributions of stress and strength have been determlned_ the

reliability can be found as a measure of the interference of the stress and

strength dLstril_tlons. _Is will be discussed later in this Sectlon_ and fur-

ther in Section 5 of this report.

Designing mechanical components by reliability is a relatively new endeavor

and many engineers are not familiar with it. The main _ of this Section

is to introduce the engineer to the design by reliability u_thodology. A general

engineering design methodology will first be presented. Then an application will

be given in the form of an example problem. This problem will be presented from

two viewpoints: a) first the problem will be workad by conventional engineering

design methods, and b) then it will be worked by deslgn_ by reliability methods.

An example of designing a specified reliability directly into a shaft will be

given. The parallel treatment of the same problem by both conventional and re-

liability methods should provide the engineer with an understanding of the design

by rellaLility approach.

Also Inc_aded in this Section is a discussion of the theories of material

failure which are significant for determining the failure - governing stress and

strength for parts subjected to comblned-stress fatigue loading.

Next are included a nuL_ber of other examples which illustrate briefly but

completely l_ow the design by reliability methodology can be extended to various

loading at_d stress conditions_ including both a flnite-life and an inflnite-llfe

design. ._

First to be discussed will be a Scientific Mechanical Component Design

He tlw do lo EY •
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(a).

(b).

_ NOMINAL STRENGTH_I,

STRENGTH WITH SIZE FACTOR,,_ .._

STRENGTH WITH LOAD FACTOR

STRENGTH WITH SURFACE FINISH FACTOR,,_

STRENGTH WITH PROCESS FACTOR,,_-

STRENGTH WITH SURFACE ENVIRONMENT

FACT OR S

STRENGTH WITH SHEAR STRENGTH FACTORS_

FAILURE GOVERN,NG STRENGTH_

i " GAP TO BE-BR!_G.ED-.-.:.:.-':':'-!'!'iI"'.:-i'-i'-!_"_i'I!i
_r .':........-.....:.:-:___

["P'R"i"_Ci"PAL sTRESSES AT CRITICAL POINT /

MAXIMUM STRESSES ESTABLISHED AT CRITICAL 1

POINT BY STRESS PROBING

STRESS WITH OTHER STRESS FACTORS `/'

STRESS

(SEE TEXT)

WITH TEMPERATURE FACTOR /

STRESS WITH LOAD FACTOR ';j

STRESS WITH STRESS CONCENTRATION/
/

FACTOR

NOMINAL STRESS 7f

These distributions

may be those of
tensile or shear

stress and

strength, or of

distortion energy.

Strength

_ Distribution

IDistribution

v

f(s), f (S)

(a) (b)

Stress increase and strength decrease resulting
from the application of the respective stress
and strength factors.

Failure governing stress and strength distribution.

FIGURE i.i [ETERMINATION OF THE FAILURE GOVF2d_ING STRESS

AND STRENGTH DISTRIBUTIONS.
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CI_PT_R 1.2

A SCIENTIFIC ,MEClL_[C_L CO_P_,_ENT DESIG_ _T}DDOLOGY

The recoar_ended scientific _thod of tackling and solving any problem,

including that of mechanical design_ consists of the £ollo_ing five basic

steps (1)*. $o._e of thQ steps _re brol_,.n into furtl_er _ubdi_Isior:s for elab-

oration.

I. State the problem.

2. Understand the problem.

3. Devise a plan of attack.

4. Carry out the plan.

5. _xamlne the solution -- Look back.

In mechanical design, the details of these steps are the following:

I. _tate the p!p_b_!___.a.- In clear and unambiguous terms verbally describe

the probleta s stating the obJective_ the given quantities and conditions_ the

constraints if any_ and the available technical data, and pro_Ide the pertinent

engineering drawings or sketches.

2. U__nder__s_tand tJ]g_probleLa. - The problem laay be understood Lest by draw-

i complete sketch of the cotaponent and a_L_ceriag the questions: (a) what ising a

the unloaown? (b) what are the data? (c) what ar_ the conditions and constraints?

(d) what are the other factors?

3. _lan of attack. - The best and _ost methodical plan of attack

for designing a L_ec[mnlcal comi_nent, where the fiber stress governs Its failurep

involves the follo_qng three steps:

3.1 Detennlne the failure governing stress.

3.2 Determine the failure governing strength.

3.3 Bridge the gap between the failure go_ernlng

stress and strength.

4. Carry out the plan. - For the design of a mochanleal component, carry-

ing out tLe plan consists of successfully completing th_three steps glven pre-

viously. The details are the following: ......

4.1 Determine the failure governing stress as follows:

l

J

4.1.1 Perform stress probing

4.1.2 Calculate the notainal stresses

4.1.3 Determine tho maximum value of each stress component

involved.

This is accomplished by applying appropriate stress factors to the nominal

stresses. These factors include_ but are not necessarily limited to# tits

follox_Ing:

Number in parenthesis refer to references at the end of this Section.
ii
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I. Type of loading

2. Stres9 concentration

3. l_nufacturlng resldu=l stress

4. Ueat treatment

5. Assembly stress

6. _lear

7. Corrosion

8. Erosion

9. Cavitation

I0. T_mperature

ll. Time

Values of these stress factors and procedures for applying them may l,e found

in such references as (7), (8), (9), (I0), (ll), (12), end (13).

4.1.4 Determine the principal stresses

This step may or may not be required, depending on the co:w_t_lent form of

use of the failure governing stress criterion applicable to the particular pro-

blem at hand. References (2), (3), (4), (5), or (6) can be u_ed.

4.1.5 Synthe61ze the stresses into the failure governing stress

It is very important that the correct failure governing stress is dater-

mined. The _ore co_nonly used failure governing stress criteria are the

following:

I. _laxi_m norm_l or direct stress

2. Maximum shear stress

3. _ximum distortion energy

4. Combination of _ean and alternating stre0ses

with fatigue criteria

It is imperative that the criterion me.Jr applicable to the particular proLlem

at hand be used. In the case of a shaft, for example_ the maximum distortion

ener.._y criterion may be used to calculate the failure governing combination of

the mean and alternating stresses. '£hese stresses _y then be combined on a

modified Coodman diagram. The point in the shaft where the failure governing

stress combination is closest to the failure governing strength line would be

the point where failure is _ost likely to occur.

The problem of determining which failure governing stress theory applies

in the case of comblned-stress fatigue loading will be discussed in C1mpter 3

of this Section.

4.2 Determine the failure governing strength

A major problem in design is to determine the strength _Jhich if exceeded

leads to failure. For this, the strength criteria best associated with tl_

type of failure involved should be selected.

12
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4.2.1 Establish the applicable failure governing strength

criterion.

This step is discussed in detail in Chapter 3 of this section.

4.2.2 Determine the nominal strengths

4.2.3 Synthesize the strengths into the failure governing

strength.

Nominal strength values arrived at by tests on specimens of different

geometry, size t surface, treatment and other conditions, should be converted

to the actual strength that will I_ exhibited by the component being designed

in its actual application and operation environment. To convert nominal

strengths to actual strengths, strength factors are used. These factors may

include, but are not necessarily limited to those discussed in Section 4.2.3

as well as, surface environment, surface treatment, notch sensitivity, size,

surface finish, manufacturing processes, fatigue and creep.

i Thenext step is to apply the modified nominal strengths to the failure

igoverning strength criterion. This completes the steps to arrive at the

failure governing strength.
I

4.3 Bridge the gap

I

The gap of concern is that betx:een the failure governing strength and the

failure governing stress. Such a gap is the one _r_icated by the slmded gap

in Fig. I.I (a). For fatigue I it is the s_mded gap in Fig. 1.5 or the distance

from _f to _f .

Three approaches may be used to bridge this gap:

N I. Safety factor2. Safety margin

3. Reliability

J The safety factor, S. F., is usually defined as

, -S .F. _ (l.2.1)

It is the ratio of the f_ailure governing strength mean, Sf , to the failure

governing stress nman, sf .

I
k .1,k

i

The safety margin, S. M., is usually defined either as

S.M. - S.F. " 1

or as S.M. m ?_ean._tren_,_th-l_aximum Stress =
Strength Standard D_vlation uS

13
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whore sma x -s" + 4.5 _s and the factor 4.5 is chooen arbitrarily.

The reliability approach will be discussed later.

5. _xauine tj!e So lgt__pn- Look B_clj_ - This step consists of ans_erln3

the following quustions after examining the solution:

a. Can you check the result? Can you check the argument?

b. Can you derive the result differently? Can you see it at a glance?

c. Can you use the result, or the method, for some other problem?

The steps of the fontal design methodology will be illustrated next by an

example problem. The problem, when carried through by both the conventional

design ,,_thods and the design by reliability methods, will serve to illustrate

the difference in the two approaches.

Convontional Design Example

l, Statement of the Problem

A solid, round_ rotating shaft is to be loaded by a bending moment of 6,000

lb.-in, in one plane, of 10,000 lb.-In, in a plane 45 degrees clocl_;Ise to the

first and of 8,000 lb.-In, in a plane 90 degrees clockwise to the first. All of

these three planes contain the axis of rotation of the shaft and all moments are

of the same sign. An axial, compressive load of 5,000 pounds and a torque of

15,000 lb.-In, are also to act on this shaft.

The material to be used is cold drawn ductile steel having a Su - I00,000

psi and a Sy - 72_000 psi. The c_Itlcal point of the shaft has a theoretical

stress concentration factor of 1.5 in hendlng. The fillet radius at this point

is I/4 in. Consider no otl_r stress concentration factors.

Using a safety factor of 2.0 and a 95 per cent reliability at 106 cycles,

find the appropriate shaft diameter based on the Yon Hises-l_ncky-Goodman

strength crlterlon.

2. Under_'tandin the Problem"

A sketch of the shaft and its loading is given in Fig. 1.2.

What is the unknown?

The shaft diameter, d , at the critical point, i.e., at the point where

the shaft is most likely to fail.

What are the data?

lo

2.

Solid, round, rotating shaft.

Loads

a. H I - 6,000 Ib.-i,.

b. M2 ,. 10,O00 lb.-in, in a plane 45 ° cloc:_;ise to the first.

14
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t
R 1

_ Fillet radius = i/4"

T = 15,000. lb-in

C.
Critical Section J

i

%

I

M 1 = 6,000 ib-ln

_2 = I0,000
Ib-ln

_ M3 = 8,000

ib-in
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FIGURE 1.2. ROTATING CIRCULAK SOLID SHAFT WITH LOADS ACTING ON IT.
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M 3 m 8,000 lb.-In, in a plane 90° to the first.

b. Axla_ load: P- -5,000 lb.

=. Torque: T = 15,000 lb.-in.

3. YMtertal: Cold drawn ductile steel with

Su - 100,000 psi.

Sy i 72,000 psi.

4. Stress concentration factors: At the critical point s.c.f " 1.5

in bending; consider none other.

What are the conditions?

I. Safety factor - 2.

2. Desired reliability i 95_ at 106 cycles.

3. The Van Hises-}lencky-Goodman strength criterion applies.

What are the other factors7

le

2,

The information is sufficient.

All conditions can be met except perhaps that of simultaneously

designing for a safety factor of 2 and a reliability of 95_ at 106

cycles. _lis aspect will be discussed later.

3. _l_ 9 plaq of fittack

For such meclmnical components the plan of attack has already been presented

in Chapter 2, Item 3, and consists of

3.1 determining the failure governing stress,

3.2 determining the failure governing strength, and

3.3 bridging the gap

4. Caffeine out t_h:plan

4.1 Determining the failure governing stress

Per_o__rm s t_ess j_r0bin_

The way the given problem is stated, this step is not required, because the

critical point on this shaft where a failure is most likely to occur is given

to be the fillet designated in Fig. 1.2.

Qalculate the nominal stresses

First, we have to determine w}iat stresses are acting. The general stresses

that may act on an element of the shaft at the fillet are shown in Fig. 1.3.

For this problem, however, if the resultant ::_oment's plane is taken to be

the _-y plane, and the shaftls axis of rotation is taken to be the x-axle, then
z
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o_y " o'z - 0 (1.2.4a)

_xy m _yz a 0

and the remaining stresses are _z and TT_ •

(1.2.4b)

The shaft is subjected to faLigue; consequently, the ax stress has two

components: (i) the constant stress component due to the constant compressive

load P ,, -5,000 lb., and (2) the variable or alternatln3 c_aponent due to tl_

resultant bending moment acting on the rotating shaft. _erefore

_x = °_cm+ °xa

From equilibrium and eomblned-stress fatigue conditions

(1.2.5)

'Ixz " Tzx " Txzm + _rxza (1.2.6)

As the shaft is suLjected to a constant torque, _._za D 0 _ and only _xzm io left.
The re fore

_xz " Tzx " "rxzm (1.2.7)

The nominal values of these stresses are calculated as follo_;s:

A_ 4P 4(,5.000)

(Txm m -6,360/d 2

_xa ' _ " _ 32 MR
" I _Id4/64 " _Id3

where M R m 20,000 lb.-in., from Fig. 1.4. }_nce,

axa = 32 x 20 000
._d3

_xa = 204, O00/d3 (1.2.9)

Tc T d/2 IGT

. .I.6. X15,000
_xzm _d 3

_xzm = 76, 400/d3 (1.2.10)

]
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FIGURE 1.4. GRAPHICAL DETEPuMINATION OF THE RESULTANT MOMENT ACTING

ON TRE SHAFT.
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Determine the maximum value of each stress component flrvolved

In this problem, _xm and _xzm are the maxima already, l_,t not _xa because

a stress concentration exists In the fillet. Then

Maximum axe - Sxa x Kf (1.2.11)

where

Kf u fatigue stress concentration factor

and is given by

Kf- I + q(Kt-l). Sea Shlgley (7, p. 170, Eq. 5-18)

q w 0.9. See Shlgley (7t p. 1711 Fig. 5-27)

K t - theoretical stress concentration factor _ 1.5, as given in the state-

ment of the problem.

There fore

Kf - I + 0.9 (1.5-I)
(1.2.12)

Kf u 1.45 1

- _ x 1.45
and _xa d3

or _xa B 295,000/d 3

for tha maximum value of that stress eompot_ent.

(1.2.13)

_.Linci__ 1 stresses

'_le fa£1urQ g_verning stress can be expressed iu terms of _x and _xz , in

this problem, hence the principal stresses need not be calculated.

S ntheslze the stresses into the ......____.____ failure _.overnln_ stresses

As stated in the problem, the maxi,_am distortion energy or tlm Von Hises-

}lencky criterion governs because the slmft is of ductile material subjected to

fatig,_e. _n Chapter 3 of this Section, the appropriate theories of failure for

comblned-stress fatigue will be di_cuesed more thoroughly.

For the ordinary eleraent, the raean and alterrmtlng components of ti,e Van

}Lises-l[encky failure governing stresses are given by

Sm _ " Uxm Gzm + _ m + 3 _xzm
(1.2.14)
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3_2za (1.2.1S)+

from Shlgley (7, p. lg8_ Eqs. 5-29), _:hlch reduce to tile following for this

problem:

=Vj= 2 (1.216)sm + 3_xzm

$0 m _ m o'xa
(1.2.17)

Tim maxin_m stresses calculated previously can now be suLstituted into the

equations for failure governing stresses as follo_s:

sm -V(-6,360/d2)2 + 3(76,400/d3) 2

and

aa m 295,000/d 3 (1.2.18)

If d was known I then sm and sa could have been calculated and plotted on

the _bdlfled Ooodmmn Diagram to see their relative position with respect to the

failure governing strength. This cannot be accomplished as yet; hc_:evQrp the

locus of the failure governing stress on the Modified Goodman Diagram can be

determined. The locus uill be a llne with the slope Sa/S m or

_a 20S_OQC,d___
Slope " -- = ....

Sm # ('6, 360/d2)2 + 3(76,4001d3) 2

(1.2.19)

The slope cannot as yet be calculated_ unless this e:.:pression is simplified.

An inspQctlon of the denominator reveals the first term is very small nuu_rlcally

in comparison with the second term_ hence the first term may l,e dropped as a

first appror.i_ntlon. The validity of this assumption should be checked back s

howeverp after the final result is obtained. T_t_n

sa 295,000/d 3 295, O00/d_3 295,000

-" ,400/ 3) 

Therefore

Slope - 2.24.

This slope- line has been drnvn in Fig. 1.5. _Is is as far as the failure

governing stress determination aspect of the problem can be carried out. Zt can

be determlned_ however, once the gap between it and the failure governing

strength is bridged. We slmll determine the latter next.
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I 4.2 Determining the failure governing strength

t_s stated in the problem, the Van !41ses-Ilencky-Goo&aan fatigue strength

I criterion applies to this problem. The applicable strength criterion is the

llno drawn in Fig. 1,5 from Se to Su •

T_le nominal endurance strength) S_ , as obtained from the standard fatigue

I is _

I ) c- _ .... _-- "_ E_s. 5-II n. 162) because the shaft will
be =made of steel with an ulti_aate strength= of _u = i00,000 psi which is less

than 200,000 psl. If Su _> 200,000 psi I then Se m I00,000 psi _ 10 used for
steels. T_ere_:ore, for this probl_

I S: - 0.50 x lO0,O00 - 50,000 psi.

! The nominal static strength is the ultimate tensile strength_ Su , and the value
given for this in the problem is Su = I00,000 psi.

I size th strengths into the failur.q.Kg_e_P.Y.e.rni-n_._t--.rne-D/it-_h
SYntl___.. .......... ----------....

I _ a. To obtain the actual endurance strength, the nomlnal endurance strength

should be corrected using the applicable strength factors, as illustrated in

i ;igure 1.1(a).

I _lunn Se = S_ ka kb kc kd kf

where , . (t.2.20)

Se = endurance limit of the rotatlng-beam specimen, in psi.. This is not
tl_e strength tl.at will be exhil)ited by ti_e shaft in its actual oeometry, and

application and operation environments. L_nce it is only the nominal strength

! and will have to Le modified to apply it to this problem. .

I ka = surface finish factor
k b - size factor

i kc I reliability factor .

kd = temperature factor

value for Su need to be studied f_rthe " ._ so

". that the true distribution of S: can be found. _ ....

l
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kf m mi_cellaneous-effects factor

Shlgley (7) recon_mnds the incorporation of a reliability factor in this

manner for dete_ninlng the actual endurance strength. It must be pointed out

that this _pproach is not correct, and that this research points out the

correct approach. The factor will be retained at this point ho_ever, so tlmt

the conventional metl_d can be illustrated.

_t should also be noted that ke, the stress concentration factor, is not

included here 5ecause it should preferaLly not be applied to strength. This

is a departure from the n_ethods of conventional design as given in Shlgley

(7, p. 166). '_lere may be a multiplicity of stress concentration factors In-

vol_ed, each one having different magnitude, with a net result that may not

at all Le equivalent to a factor which _._hen applied to the nominal strength

_'ill duly ta|_ into account all s.c.f.Js and the notch sensitivity. As it may

be seen, in this problem only Cxa experiences a stress concentration factor.

l_rther_ore, it does not have the sa._e effect as either multiplying the failure

governing stres_ or dividing the failure governing strength by tl-e s.c.f.

These strength factors may be determined as follows:

Surface factor, ka -0.74 (7, Figs. 5-26, p. 167)

Size factor, kb -0.85 (7, p. 16S)

Reliability factor, kc =l-(0.OC x 1.6)" I-0.128 _ 0.g72

(7, Table 5-2, p. IG9)

Temperature factor, k4 - l, as no tet_perature effect is

indicated in the problem.

Miscellaneous-effects factor, kf m i, os non_ otl_r is

indicated in the problem.

Consequently, the failure governing endurance strength is

S e _ 50,000 x 0.74 x 0.85 x 0.072 x 1 x 1

or Se = 27,500 psi.

b. The failure governing strength in static loading is Su because fracture

is considered failure of the shaft, or Su - I00,000 psi. If in a particular

design applicatiol,, yielding is selected as the static strength failure criterion,

then Sy should be used for this strength, instead of Suj along th_ abscissa.

c. The failure governing strength in fatigue is conservatively taken to be

the llne Joining Se (at 10_ cycles for this proble,_) and Su . R_e closer tl_

(sa,sm) point is to this llne, the greater is the chance of failure. This
failure clmnce approaches _0i:_when the point is on the strenEth llne, and approaci_es

IO_ as t|_ point _oves away from tl_ strength llne and substontlally to the right

of it.

4.3 D rld-lin_ t_he _____

In this problem, a safety factor of 2 is specified, hence,

S_!=2

af



also

S fa = 2 and S_fm- 2

e fa v fra

fr_n _imilar triangles in Fig. 1.5.

Therefore, u=ing the alternating components_

Consequently,

Sf--...._a=2 =_0"-"
Sfa 295,000/d3

d 3 = 23.9

and d = 2.g7 inches

oay d = 2-7/8 £nche3

Th£a la the solution to the e_:ample problem.

(1.2.2t)

a. Checking the solution reveals that it £a correct based on the safety

factor concept.

• An assum tlon was made in determining the slope Sa/Sm (Eq. 1.2.15).
b ' P • f rat term in the

• this assumption should be clucked. The i
The validity of ......... 1_Ible with respect to tl_ second
expression for sm was conazcereo Ko o= u=5_
term. Actually,

..... 5 2[ x Ioo -

3 [ 76,400/(2-8753) ]2
3.12 x 109

or indeed negtiglble; thus validating the assumption.

c. Alternate

Also_ the fact that Sf_m = 2 can be used. The same result as before would
arm

be obtained, of course.

d. The an_wer Is, therefore, correct within the approach used.

e. The an_er is not quite corrcct on the basis of designed-in reliability,

hox_ever, as it w_ll be shown next.

_J
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Design by Reliability

Every designer essentially attempts to design for mlni_Im or essentially no

failures, hence he intuitively thinks of reliability, or the probability that

the product will not fail. Ik_wQver_ using safety factors, or safety margins,

gives relatively little ua_tatlve indication of tile rellabilitles involved.

Fortunately_ methods do exist now which enable the designer to calculate and

tlms predict component anal product reliabilities.

The design method to be discussed here does not accept the theory that the

failure governing stress and the failure governing strength are slnglo-valued

quantities. Rather, it accepts the theory that variabilities in the loadss

me,ants, torques_ geometries, physical properties, manufacturing processes and

procedures, and environmental factors which affect the stresses in identical

components in a fleet of products, say in the same shaft of a fleet of truck_

or Jet aircraft engines, will result in a failure governing stress distribution,

instead of a single value of stress. In other words, if we had strain gages on

the particular shaft fillet of every truck or jet engine in this fleet perform-

ing the same task_ and determined the stress history for every identical trip

or fllght_ picked up the maxiaaa of the stresses in each flight, converted them

to failure governing stresses, and plotted how many times a particular small

range of these stress values occurred, a distribution llke that shown in Fig.

1.6 _ould be obtained. As actually all the shafts for the fleet of such trucks

or Jet airplanes and not a single shaft are designed, for the shafts in these

fleets to survive_ they should be designed for the failure governing stresses

to be experienced by the identical shaft in the whole fleet. H_nce the design

should be based on this distrlhutlon of the failure governing stresses in the

shaft and not on some single value: maxlmum_ mean or other.

Similarly_ the strength exhibited by these shafts will not be single-valued

in reality. Variabilities in the heat of metal the slmfts are made of, the

manufacturing process, the various treatments the shaft is subjected to_ the

assembly process, and the environment the shafts will see in the fleet will re-

sult in a distribution of tlm failure governing strengths of identical shafts.

In other words, soma shafts will fall at a substantially lower level of imposed

stress because they are weaker, and some will fail only when a substantially

high level of stress is imposed on them because they are stronger than the

average strength shaft.

Consequently, for a component in a fleet of products, the designer has to

consider and deal with the Joint stress and strength distributions shown in

Fig. l.Ta. The shaded area gives numerically the probability of failure of such

a compor_ent experiencing the stress distribution given and exhibiting the

strength distribution given in Fig. 1.7a. A n_ethod for calculating the reliabil-

ity of a component having normal stress and strength distributions will be pre-

sented next.

Determination of Component Reliability When the Failure

Ooverning Stress and Strength Distributions are Normal

If the density functions f(s) and f(B) t representing the stress and

strength distributions, respectively, are Gaussian or normal, then they may be

expressed as

_w
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and

I
S

where

Ir. mean of the failure governing stress dlstribution

as,, standard deviation of this stress distribution

S = mean of the failure governing strength distribution
I_. n_

OS= standard deviation of thls _"_% distribution

(1.2.22)

(1.2.23)

Reliability is given by all probabilities that strength is in excess of

stress or that S-s > 0 . Using the designation _ = S-s, reliability is given

by all of tl_ probabilities that _ > 0 . b(_) is defined as the difference

dlstrlbutlon of £(S) and f(s) 3 and as f(S) and f(s) are normally dlstributed_

then h(_) is normally distributed also (16, pp. 215-216) and is expressed by

1

h(Q =

Je 2 (1.2,24a)

where

•, S - s - mean of the difference distribution (1.2.24b)

and

2
¢r_ -V _2 + c;s - standard deviation of the difference distribution

(1.2.24c)

Reliability would then be given by all probabilities of _ being a
, positive value, hence

29



The function h(_) and the value of R are shown in Fig. 1.7b.

The relationship bet_'een h(_) and the standardized normal distribution can

be utilized to evaluate the above integral. The transformation relating _ and

the standardized variable t may be used which is

t u -'--" Cl.2.26)

The new limits of the Integrand are

for =0 ,

m

+_-_
and for _ " + = I t - - + _

I 8lSO d_ " _ dt

Zf these condltione are substituted into-the reliability equatlon_ the

following result i= obtained:

(1.2.27)

Consequently s the reliability of a component is given by the area under the

standardized normal density function from the value of

to t m+o_

The value of this area may be obtained from the tables of areas under the

standardized normal density function_ available in many references (91 p. 589).

Reliability as a function of t is plotted in Fig. 1,8.

Reliability Design Example

The values found in the problem at the beginning of this Section for the

failure governing stress and strength will be used. These are
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i
_f _ _ " 27,300 psl

sin [_

Fr_, Fig. I._, tan _ _ 2.24 nnd _ = 66°

_f

_f - _- - 13,650 psi

used.e Then

I

I

As _s and G5 are not kno;:n, for _s a realistic value of 3,000 psl and for Gs

the value of B_' of _f or 2,200 psi recommended by Shlgley (7, p. 169), will be

_ _f - %'f _ 27,300 - 13,650 - 13,650 psi

_ "_$2 + as 2 - V(2,200)2 + (3,000) 2 -V13.84 x 106

!

i

_hen

_ = 3,700 psi

w_

t M---- - • - - 3.7

G_ 3,700

-! t 2

Ru e

.7

dt

i
_ 32

From normal function area tables, the area from t m -3.7 to t = + = is 0.99989;

therefore, the reliability is for practical purposes equal to I. This compares

with R m 0.95 to which the shaft was sized using Shlgley's, or the conventional

method (7, p. 169). Because of this foreseen discrepancy, tl_ statement appear-

ing at the end of "Example - Examining the Solution" was made. The reasons for

this discrepancy are the followi_,g:

i. The reliabillty factor of conventional design is based on the distri-

butlon of strength beyond the knee of t|_ S-N simple fatigue c_zm_e shown in

Flg. 1.9, where the mean stress is zero and the alternating stress is one of

complete reversal, hence the ordinate of Fig. 1.9. is Sa .

r _ _ _ L,,

t l_Is is a rule of thumb value. Another value which has been suggested is

4;:_, in "Symposium on Fatigue _Jith Emplmsts on Statistical Approach If,"

ASTM STP _. 137, June 24, 1952, p. 52. This standard dovlatlon of the en-

durance limit is another area where much research needs to be done.



!

1

I

I

Ii

!

!

I

I

!'

I

I

I

I

"el
m
ID.,

!

ell

1-4

0

I_ee

10 3

i_iii!i_i_ii!i!_!i!i!ii
iiii!iiiiiiiiiiiiiill
ii!iiiiiii!iiiiii!ii!iiiii_:_
..','_??'.-?'.?:,:

::::::::::::::::::::::::::

I I ! I
104 105 106 10 7

Life, N - cycles

FICUREi .9. STRENGTH - CYCLE CURVE FOR SI_LE FATIGUE.

i

33



I

I
Jt
p

Ya_ the example problem solved in the beginning of this chapter> there

exist both mean and alternatlnB stress components. Shigley's and conventional

design fatigue factors should Ue uoed only for _imple fatigue ceses.

2 The conventional design reliability factor is based on tile fatigue

strength distribution of a standard_ rot_iting-beam fatigue _pecf_en_ and the

factors are applied to the mean of thi_ distril_tion to convert it to the

sp_clfic case of the problem. _lis application _erely adjusts tl_ _ean strength

nnd does not adjust the standard deviation which most probably is also affected

by other factors> such aB slze_ surface fini_h_ temperature, etc. The value of

8_, of the _f used in the problem is not truly applicable in this case because

it should be the standard deviation of the strength distribution with all the

correction factors applied cad not of the distribution for the standard rotating-

beam specimen.

,3. Conventioxu_l design methodology assu_nes that the failure governing

stress i._ represented by a single value which would be its mean in thls problem.

In th_ illustrative problem> the failure governing stress was take_ to be a

normal diatribution with a _ean of 13_650 psi and a standard deviation of 3j000

psi. If the standard deviation is taken to be zero to correspond to the single-

valued case> then the reliability _uld be gi_en by

dt

dt

-I_ t2• "_

where _ = a S becnuse _s = 0

or

+ _ 1 "! t 2R" _ e 2

!

i _erefore> from tables of areas under the normal distribution
R = 0.99269 _ I

34

This compares with R " 0.95 used in the example proble,r, in the bagira_ing of

this chapter_ and i_ greater tlmn R m 0.99989 obtained x_Itl_ aos = 3_000 psi.
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4. The true failure governing stress and strength distributions for the

illustrative problem are those shown in Fig. 1.10. flare the assumption is made

that the ratio of the alternating to the mean stresses in fatigue in this pro-

blem remains always constant. It Is with thi_ assumption that f(s) is drawn as

a two dimensional rather than a distribution of more than two dimensions. See

reference (17j Fig. 3) for the multi-dlmensional case. The two distributions

in Fig. I.I0 are the ones that should be determined by the methodology presented

in this chapter and then the reliability resulting from these distributions

should be calculated to obtain the true component reliability.

5. It should be pointed out that these distributions have been taken to

be normal. There are strong Indications that these distributions may be non-

normal. Among the non-normal distributions that are found to fit better are the

log-normal and Nelbull. The determination of reliability with such failure

governing stress and strength distributions is presented in reference (17) and
will be discussed further in this report In Section 5.

6. Zt should also be pointed out that the method presented here for the

calculation of reliabilities assumes tlmt the failure governing stress and

strength distributions are constant or do not vary significantly from m_sion

to mission. Consequentlyj the ti_e dependency of the calculated reliabilities

should be considered, since the Modified Goodman Diagram considers the strength

aspect for one specific llfa duration only. This can be accomplished by generat-

ing a number of such diagra_, as Is discussed later in this report.

/,

Conclusions and Recommendations

The methodology presented in this chapter slmuld make it possible to design

components and products more scientifically and on a more sound engineering basis.

The reliability approach of bridging the gap between the failure governing stress

and strength provides a quantitative measure of the proba3iliv] of success or

failure of a component and of a product made up of such compoL_ents.

It is recoaxaended that every effort be expended in industry and in labora-

tories to gather failure governing stress and strength data and report them in

a manner tlmt would enable the develops_ent of their distributions_ rather than

averaging the measurements involved and discarding any which z_ay appear too high

or too low even though they are the result of well-controlled tests and expert-
_nts,

It is also recomamnded that design engineers use these methodologies and

also contribute to their refinement. Further_aore, it is reco_maended that the

designer think in terms of reliabtlities, i.e._ probabilities of success and

unreliabilities, i.e._ probabilities of failure_ rather than in terms of the
inadequate safety factor or safety margin.

This chapter has discussed the general approach to be used in designing by

reliability. In the next chapters we will discuss first the proper failure

governing strength theory to use for combined-stress fatigue, and second, shore

holy this theory can be applied in designing parts subjected to combined-stress
fatigue.
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_lht/.oduction

In this chapter tile r_gst recently available works dealing with co_01ned-

ctress fatigue are presented to dcte_alt:e the best current me_l:odo!og2_ to use
for design.,In the_e cases. See Inust realize fr_ _he outset that the conclu-

sion and recou,ne__dations of this chapter age restrlct_l _u "alloy 8reel=", mud
that dlffcrc.nt recor.rac_da_ions [_y apply _o alu_u_n and cast £rcn_.

A search of referc_ces (Ig) ar_/ (19) reveals no ve_ recent work on the

subJt_:t save _hat of Fhtdley (20). Other falrly reco_:t works (1953-1962) are
stummclzcd in (7), (I_), (21), (22) and (23).

It is felt t'mt all pe_ine_t literature up to 196,_ |m_ bee_ coverc_/ in

refer_qces (7), (14), (21), (22) and (23). la Ik_rticular, we Imve relied t:lxm

S:nlth (31). Ya_ February, 1963, Peterson (_4) _.s con_en_ to accept Smith's _rI¢
as covering the case of steady stre_,

S&E 4340 18 treated Particularly _n refcrea_ees (32), (33), and (3_),

giv_ and specific recc_xr_dation f_ _ .... , - .

_- _,,= _u of alloy _teels are made. The "
current design _mti_dolo3y for co_._bined-s_rcss fatigue, as outlined by Salgley

(7) is discus0ed and supporting evidence for its adoption with seem rev_.sious,is given.

Several tho0rles of failure have be_-n proposed to deal wLth the s_atie

ease, and each one has its aPp!leat;ou, depending usually on the type uf
material being considered. We shall s'_m_mrlze them here, and thee cons!dcr
which of rhea, if an can b_ .- :o
discun._n. _,.,- n Y, . . us.ed _ r a t.leory of failure f:l fati:'ur, _...... _,>,
, _ -_ ....* *__ =l" rg' I'_, De tile mnlplltudes of t_,_ _:,._,.--_ -_ "" _._ _"_
•1 _ v, • 2_ and le_ S 5e _h:, -_ ..........o - - --_ _--_.,.-_i_,.__c_esses where

•-c_ we nave (.,._.) the foll_Lng failure cz'iteria: te_~_l.

I. _I_<i=_ Principal Stress Criterion,

whereby if Pl --_S, failure results

2. Naxir.z_,, Shear Criterion,

whereby if PI " P3 _ S, failure results

o

(1.3.1)

(I .3.2)

Von :Kses-ilencl;y or _tahed_____ralEhcar or Shear Strain l_:rter_, Crlterio:l

I Reproduced frombest available copy. _=_
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whereby if (PI " P2) 2 + (P2 " P3) 2 + (P3 " P1) 2_>2S2 failure results.

4. M_d_n Principal Straln Crlterlon

_mreby i£ P1 " P(P2 + P3) _ S, failure results.

IM_e _ : Polsson's ratio

(1.3.3)

(1.3.4)

Each one of these _uatlons can also be written in temns of the coord_late

stresse_ a i and Tij.

To expcr_tally check which of these theories should be used, one can

calculate the ratio o£ fatigue strength Ill torsion to fatigae strength in

bonding. The results are su=m_arlzcd in Table I.i (22).

TI_LP 1.1

I_EDICTED RATIO ,OF FATIGUE STP_',_T_! IN BE_DI_,_ TO FATIGUE

S_ IN TOP_IO_ _Y._ V_ZRIO_B T_SRIES _F FAII_gr_

_eory o£ Failure
/

Fatigue Strength in _cadlalg

Maximum Principal Stress . , . , . . . . . . . . . , . . , 1.0

Mmd,_um Shear Stress . • . , . . . , . , . . . . . . . . • 0.5

Shear Strain Energy • • • • • • • • • • ° • • • . . • • . 0.577

Maxlmu_n Principal Stress .... • . • • • . • . • • • . • I

1

Results of experln_nts may now be plotted, as sho_ in Figures 1.11 and

1.12. In Figure i.ii, Forr'_st (22), (citing (14), (24), (25), (26), (27),

(28), and (29), for steels), shm_s that the Van :lises criterion app1_es very

well to steels. In Figure 1.12, Dolan (23),__4), (3b), and others;

shows much the sa_c results although the ma_it_um shear stress theotTsho_
fairly good agre__nt also in uany cases.

A different represe_itatlon is sho_ in Fig:_re 1.13, x_here Sines aud

Vaism.nn (21) sho;g the data o£ Savert for steel_,. _le agrem_mt witt, the Van

:lisc_ theory ic good. _e _i;;_m shear st_,+c_s theory i_ sce:_ to be con-
sorVa t lye,

Dolan (23) sl,_t+s the work _f reference (27) and otherc in yet a_othur

£ot_n In Figure 1.14, /,gain, the agrc_aent vith the Vail _ises th_o 6, i_ g:,o_!

for cteelss, and t|m _uduu_._ shear strecs theory is seen to be con_erva_lw:.

+
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Another laterestln_ representatloa is given by Sines and Waisumn (21).

iIere, e_perlmm_tal results are compared agalast predicted values of ratio

_x. ssl_mr s_ress in torslou test

Ik_x. shea_ stress in bending test

For the Voa _Lises theory, the predicted ratio is 1.15. As sho_m in Table

1.2, most alloy steels agree with this value, and in particular, the Ni-Cr-Y_

steels (SAE 4340 alloy steels is 0.4%C, 1.8% Ni, 0.8% Cr, mid 0.25Z !4o.) are
in close agre_m_t.

ZAmm 1.2 (A_PTE_ _Oa (4))

_ZIO Or _X. S_FAR SZRF_S _N T_S_O_ _ST TO _'_Z.m_X

Ma=erlal
__i. shear ,_trcAs.ln ApSAi%n t_s_
l_. shear stress _ betiding t_t

3 per cent Ni Steel . . . . , , . . . . . . . . , . • 1.20

3-3 I/2 per cent Ni Steel . . . . . . . . . . . , , • 1.20

Cr-Va Steel . . ..... . . • . • • • . 1.20
oo.= • . . . • .

3 1/2 per cent Ni-Cr Steel, L_ T_act • • • • • • • 1.27

Ni - Cr - Me Steel, f_q-70 t=,, . . . . . . . . . . . . 1.03 - 1.17
Ni- Cr- 1._ $tccl_ 75-80 ton............ 1.04

_ll- Cr S_eel, 95-105 ton . . . . . . . . . . . . . . 1.175

Conclusions and Recommendations

In vi_ of the above cvldcucc, it is recent;rended that the Vet illses

failure governing stre_gth criterion be adopted for steels with the r_oa_imum

shear stress theory Includ_Z o._ aa elternnte. It should be noted that none

of these tho0rlcs of failure c_l c_:i'lain the phenoum_a of fatigue failure on

a theoretical basis. In fact, all of the abovu the_grle_ have been developed

to _-_plalu the pheno;ne_a of static, rather th_n dyaan_Ic failure. Therefore,

if o_e wishes to adopt o_le of these theories for fatigue failures, %i_icl, are

dynamic in nature, the only Justlflea_ion for doing so is the face that cor-

relation does exist between the theoretlcal and th_ (_perlmenta! results.

Dcslgn l_etI_ for C_ubin<._d Stresses

Shigley (7) Ires presented a _etl_od for the design of sucl, r,_)ers based on

the Vo_t li_scs theory of failure, which, in v_cw of the conclusion above, is the

pr_ary choice. In Shlgley's _ethod, the stresses on _Ite ordlna_ el_a_t silox_n

in Figure 1.15 _re used to solve for a _m_ stress and an alte_n%a_Ing stress as

I Reproduced frombest available copy.

41



i

i _:7:

!

!

!

!
!

I

1

I

I

!
!

1
42

1

.IJ

,...4

I-I
u

S e-

all
Io

Txy m -t- 7"xY° _I
"--'-I----"

(7"Xm 4- O- Xa x m --

"_O_y "rXYm+-- "T'xya

r_ ± O-yo

FIGURE 1.15. COMPONENT STRESSES FOR EQUATIONS (1.3.5) and (1.3.6)

'__o¢_,<.

-,,_%,

Mfses mean stress

"m

FIGURE 1.16. MODIFIED GOODMAN LINE

IS u



follows:

= - _ 6 + _ + 3r 2
sm xm ym ym m

_ -6 _ + +33
Sa a xa ya Gya a

These stresses are now used in connection with the Modified Goodman line

of Figure 1.16.

The question now arises as to the applicability of themodlfied Goodman

line for all cases of combined-stress fatigue. In particular, Sines and Wais-

man (21), citing Smith (31), show that the effect of a static torque on the

alternating torsional fatigue strength is negligible until the torsional yield

strength is exceeded. This is shown in Figure 1.17. Also, the effect of a

static torque on the reversed bending fatigue strength shows the same trend

(21) in Figure 1.18. Forrest (22, p. I04) gives the same result.

Neverthelessj the modified Goodman diagram of Figure 1.16 indicates that a

reduction in fatigue strength should occur when a mean stress is superimposed on

reversed bending.

In the case of a rotating speclmen when the mean stress is a shear stress

induced by a shear stress induced by a steady torque and the alternating stress

is a tensile-and-compressed stress induced by a bendlngi_oment, equations 1.3.5

and 1.3.6 become s B 3_ and sa - 6xa' whereby _Ss should be plotted along
m m

the abscissa and S along the ordinate of the modified Goodman diagram.
e

Further light may be shed on this problem when one realizes that the

previous figures are for test results from .smooth specimens. Forrest (22) gives

in Figure 1.19 the results of Smith (31) which shows that for notched specimens

the failure points fall along the modified Goodman line_ if it is drawn from the

endurance strength in shear to the torsional modulus of rupture. Lipson and

Juvlnall (8) have noted the same result, and state, "Since virtually all actual

parts subjected to torsional loading contain stress raisers of some kind, the

above phenomena is of little practical importance (referring to phenomena of

Figures 1.17 and 1.18). For this reason the Goodman diagrams for torsional

loading (drawn in (8), Chapter 22, p. 315) are of the conventional form, which

agrees well with tests of notched torsional members."

Reference (32) gives results of actual tests on SAE 4340 steel, and it can

be seen from Figure 1.20 that the test results for room temperature, notched

and unnotched follow the modified Goodman llne closely.

Recommendations for use of the modified Goodman diagram in specific cases

of combinations of mean and alternating stresses are given in Table 1.3 and

1.4 based on the possible stress components shown in Figure 1.21.

When only alternating stresses are present, the equations to be used are

given in Table 1.3. When mean stresses are present, the Goodman diagrams which

should be drawn for each case are given in the Table 1.4. Note that Goodman

diagrams are not always drawn from the point Se to the point S . In some cases

we find Sse on the ordinate and S s on the absclssa. The prope_ procedure can
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"/'orslonal yteld strertgth

Material Source

Cr-Ni steel, quenched tempered

Siemens->_rtin steel

Baustahl, soft

Schmieder bronze A, Rolled

Alumin_n alloy 17ST

Aluminum alloy 27ST

Aluminum alloy 53ST

Mild steel, hot rolled

0.6%C steel, quenched tempered

Si-Mn steel, quenched tempered

Cr-Va steel, quenched tempered

Brass, 60 Cu-4OZn as rolled

Copper, commercial pure, cold rolled

Duralumin, as rolled

Malleable iron, untempered

Malleable iron, tempered

Beryllium bronze, 97.6%Cu - 2.47_e

0.9TC steel, quenched tempered

Cr-Va steel, quenched tempered

SAEJI40 steel, quenched tempered

SAEJI40 steel, as hot rolled

Tobln bronze, cold rolled

1.2%C steel, normalized

3.5%Ni steel, special treatment "A"

3.5%Ni steel, special treatment "D"

O.49%C steel, normalized

0.46%C steel, quenched drawn

P. Ludwik and J. Krystok

Aluminum Company

of America

O. A. Hawkins,

H. F. Moore and R. E. Lewis

A. Pomp and M. Hempel

J. B. Johnson

J. O. Smith

II. F. Moore and T. M. Jasper

D. J. McAdam Jr.

FIGURE 1.17

EFFECT OF MEAN TORSIONAL STRESS ON ENDUID_NCE LIMIT (Ref. 21)
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FIGURE I. 2O STRESS RANGE DIAGRAMS FOR SMOOTH AND NOTCHED

BAR AT ROOM TEMPERATURE TO IOOOF (REF. 32)
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be generalized in the following way:

If in the equation for alternating stresses, jZ_n_ a _" term

appears, the Goodman diagram should have_Sse on the 8rdinate.
In other cases, plot S on the ordinate.

e

If in the equation for mean stresses, on_ a_m term appears,

plot_-S on abscissa of the Goodman diagram. _n other cases 3
plot S _on the abscissa. It must be pointed out that'S - S

U , . . se e
andes - S when the Yon Mlses theory of failure applies.

s u /

Summmry

The Von Mises theory of failure is recommended for fatigue, with the

maximum shear stress theory of failure as an alternate. The modified Goodman

llne is recommended as a conventional design methodology for combin_!stresses

in fatigue, and it is felt that this modified Goodman line can also be adapted

to design by reliability, as will be explained later.

As a result of this study, it is apparent that there are some differences

from the standard Goodman diagram as it is usually drawn (7_ oh. 5). The

various stresses which may be present on a stress element are shown in Figure

1.21. The recommended procedure to be followed for each case is shown in

Tables 1.3 and 1.4.
/

Now, with appropriate theories of failure and methods of attack firmly

established, it is possible to proceed to Chapter 4 for the applications of

the design reliability methodology to cases of combined stress fatigue.



STRESSES
SENT

TABLE 1.3 IESIGN EQUATIONS FOR SPECIFIC EXAMPLES OF GENERAL CASE SHDWN

IN FIGURE 1.21 WHEN CNLY ALTERNATING STRESSES ARE PRESENT

Ta

APPLICABLE

EQUATIONS

O'xo < S e

OR Cyo < Se

To < S se

CTxo AN____DD

O'yo AND

TO

CASE 5 I

m_-_xomo+ m#-<s_

m@-momo+ m#+3_-#..<s#

2
CX_ "t- 3-('o2 _ S e

O'y_ + 3To2 _Se 2OR

GOODMAN

DIAGRAM

NOTE • IF WE TAKE Sse = 0.577S e , THEN ALL OF

THE ABOVE ARE SPECIAL CASES OF CASE 4 .

S u

S e

Ss_ su

TABLE 1.4 DESIGN EQUATIDNS FOR SPI
SIOWN IN FIGURE 1.21 WHI

." //

sin= O'xm"BQ = O'XO ,

OR "o = o'yo ; "m = %,m

B 0 =_T'O

S,m ::_Tm

SHIGLEY

SHIGLEY

SHIGLEY

SH I GLE Y

SHIGLEY

FOREST_

LIPSON

6 JUVINALL

4 9 ":



l ;i

J. ....

STRESSES

PRESENT

[CASE 7 !

_xo¢ rm

OR%o ¢ "rm

CASE._]

_xo, O'xm¢To,
Tm

OR

%o,%m ¢

To, Tm

ALL

OR

APPLICABLE
EQUATIONS

.,.J

e d._ O'yo ; .Sm:_gy_

OR

So = _xy

OR

- +

)

GOODMAN

DIAGRAM

Se

J

-- SS

S e

Su

Se_

S u

, /

NONE
(INFERRED

FROM ABOVE
CASE)

SHIGLEY

SHIGLEY

SHIGLEY

The mean stress cases can be generalized by considering the following equations:

Va 2 r2-= - cr o'. +or 2
Sa xa xa ya ya + 3 a (I)

Sm f_ 2 2 - 2.
xm ym ym m (2)

If in eq. i , Z" is the only component, plot _S on the alternating stress
axis; otherwise S . _f in eq. 2 Tm is the only component, plot/-_S on the mean

e m

stress axis; otherwise Su. IfT and Z: are the only existing _tresses, then

plot only S on the alternating stress axlsmand S on the mean stress axis_ instcad
of_: tlmes se these quantities as instructed before, because the two approaches will
Ida_ to the same results.
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CI_PTER 1.4

APPLIC#,TION OF TIE D_IC_]-BY-RELIABILITY METHODOLOGY

TO C(_iB_ED-STRESS FATI(_JE

Introduction

The key to designing by relLsbillty is to realize that all important de-

sign parameters nmst be treated as distributions. Values of stressj such as

_xas _ya_ etc-3 and values of strength, such as S_ Set Sse# etc._ must be
taken as distributions rather than single vulues. Once tl_a "_odlflcatlons to

conventional design methodology are made tlle basis for the design by reliability

methodology is established.

T_,_ distributions of these quantities may not be easy to find. Sections 3

and 4 of thi_ report will be devoted to deccribing in detail how such dlstrlbu-

tions may be obtained. In this chapter_ in order to develop the methodology

furtherp we will assume that the distributions are given.

The fatigue problem in general amy ba broken into the tlma-lnvarlant and

the t_-vari_nt ce_es, Xn Fig. I-9_ the portion of the S-N curve to the right

of tl_ knee @ I06 cycles is assu=_d to be a region of tlms-lnvarlant strength#

that Is Sa and _sa are assumed to be constant in this region. However_ the

region to th_ left of the knee of the curve is a tlme-varlant region; that is_

the n_an and standard d_viatlon of th_ strensth distribution vary with time.

The illustration of the design by reliability methodology will begin with

so_e exmnples of the tlme-lnvarlant case.

The Time-I_nvariant Case

The first case is tlmt of a part subjected only to reversed bending,

From Figure 1.21_ the following stress components would result:

Crxa 0

=x_ = #ym = Uya = Xa = Xm = 0 .

This is case I in Table 1.3. Assume that the endurance limit of this part is

known from laboratory tests and is given by a normal distribution with

_e _ 50,000 psi

_Sa = 3,000 psi

Further, take th_ case where the applied stress can be described by

W m 30,000 psi

_s m 5_OOO psi
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Then from equations 1.2.24bj and 1.2.24c,

_ = 50,000 - 301000 = 201000 psi

_ ° [(3) 2 + (5)211/2 x 1,000

= (5.33)(I,000)

m 5_830 psi

Now 2

For which

t " i 20 000 = 3.43w _ _ j m

(_ 51830

R 0 .! 93964

I

Figure 1.22 depicts the stress and strength distributions for-this part.

Example 1.2

Take now the case of reversed bending combined with a steady torque.

Referring to Fig. 1.21_ the following stress components would result:

#0
xa

rm +o

=_ =_ :_ :0.
xm ym ya a

This corresponds to Case 7 in Table 1.4, therefore we will use the

Goodman diagram for Case 7_ but we must now treat the stresses and strengths

as distributions rather than as single values.

Figure 1.23 depicts the failure governing stress and failure governing

strength distributions. The Goodman diagram is taken conservatively to be a

straight line joining the distributions for S andes : S . On this con-
servative basis an estimate of the lower limi_ s uof the actual reliability is

obtained. The expected value of the actual reliability will be determined

when the true strength distribution is generated from the experimental results

of this research.
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The distribution for the failure governing strength, S, can be estimated

from this linear assumption by scaling off from Figure 1.23, and it is given
by

= 22,000

6s = 2,000

The distribution of the failure governing stress in this case is not easily
determined. Note that this distribution will be a combination of the distribu-

tions of s = G and s =_ Let us assume for the present that the failurea xa m"

governing stress distribution zs a normal distribution with

= 15,000 psi

= 23000 psi
S

at a stress ratio of Sa
-- = 1/2, as shown in Figure 1 23.S

m

Then from equations 1.2.245 and 1.2.24c,

_ 22,000 - 15,000 = 7,000 psi

% - _(2)2+ (2)2j.1/2 _ 1,000
= (2.83) × 11000

= 2,830 psi

I Now,

_ . .i._ 7_m_ooo
_ _ 2,830

I from which

= - 2.46

R = 0.9861062

Note that the reliability is relatively low.
of safety for the part is

F.S.

which is also relatively low.

= 22__._000 = 1.47
15,000

In this case the factor

Consider now the case of a part which is subjected to an alternating _x'

a mean O'x, and a mean and alternating _ . Then we have



This is Case 9 of Table 1.4.

,_o
xa

o" _o

ra ¢o

rm +o

O" =6 =0
ya ym

The failure governing strength is again taken conservatively to be a linear

relation between the alternating stress failure governing strength and the mean

stress failure governing strength. In this case, the appropriate alternating

strength is S j the endurance limit of test specimens which are subjected to

reversed bending alone. The appropriate mean 3 or static, strength is the static
ultimate strength of the material.

The failure governing stress can be found by synthesizing the various com-

ponents of stress the part is subjected to. If the Von Mises-Hencky (distortion

energy) theory of failure is used, then the appropriate failure governing stress
formulas are

./
sal _a + 3Z_/a (l.4.1a)

sml + 3_2- (1.4. Ib)m

If the maximum shear stress theory of failure is used, the appropriate
equations are

i/f  l
" + Z (1.4 2a)°- s_2 y _ 2 / m 'J

= 2 (1.4.2b)
Sm 2 + _m

Strictly speaking, design by reliability would call for the synthesis of

the distributions of 6 , q_ , 6xm , and ___ ns functions 6f random variables by-- "'_ - . xa a
use of either equatlons 1.4.1 or 1.4.2. _Iowever, let us defer the discussion

of this rather difficult problem until the next Section, and assume that we can,

for the present, combine the means of the stress components, and assume that the

resulting distribution is normal, with a standard deviation equal to 15 per cent
of the mean.

Choosing some values for purposes of illustration, let

_xa = 16,000 psi

" 8,000 psi
a
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•' 10,000 psi

T m " 2,000 psi

We will consider two solutions, one using the Von Mises-}lencky theory of
failure and one using the maximum shear stress theory of failure.

Von Mises-Hen__cky Theory of Failure Solution

From equations 1.4.1

sal (1_+ 3(8) 2= x i, 000

" 21,170 psi

sml /(I0i2 + 3(2) 2" x 1,000

" 10,580 psi

Plotting the above on Figure 1.24, the mean of the failure governing stressis given by

_1 ,,is 2 + s 2. I//(2 2 xI aI m I 1.17) + (10.58) 2 1,000 = 23,600 psi

Taking its standard deviation as 15 percent of the mean,

" 3,540
s1

The failure governing strength distribution is obtained by graphical,
linear interpolation from Fig. 1.24 as

= 40,000 psi

G$ = 2,000 psi

_i
i and
!
i
i

i
!
|

!

R

!

From equations 1.2.24b and 1.2.24c,

_" 401000 - 23,600 = 16,400 psi

/% = (2) 2 + (3.54) 2 x 1,000

3,800 psi

from which

t " - i _ 16.400

3,800
- 4.32

R = 0.948439
• !

T

!
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Haxlmum Shear Stress Theory of Failure Solution

The failure governing stress is now given by equations 1.4.2 as

2
Sa2 = + (_)

x 1,000

= 11,300 psi

sin2 = + (2)

m 5,390 psi

x i, 000

The failure governing stress mean is then given by, as in the previous case,

_2 = / (11"3)2 + (5"39)2 x 1,000 = 12,530 psi

The standard deviation is again taken to be 15 percent of the mean or

1,880 psi

The failure governing strength distribution; as obtained from Figure 1.24,
_s2 _ " .
re:

I is given by /

" 401000 psi

I ds - 2jO00 psi

From equations 1.2.19b and 1.2.19c, "

I• and _- ___ - 4/_000 - 12,530 = 27,470- x 1,000 =e_ (2)2 + (1,ss)2

2,750

from which
]

l R m 0.915+

58
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2,750 psi

Interestingly enough the maximum shear stress theory is not conservative for

this example.

These examples should serve to illustrate the design-by-reliability methodology

for the case of "infinite life" design. The other combination of stresses which

may arise as special cases of the Stresses illustrated in Figure 1.21 can be
treated in a similar fashion.



I
Now we shall proceed to discuss some examples for the time-variant, or

"finite life" I case.

The Time-Variant Case

The main difference between the time-invariant and the time-variant case

is that for the former, the appropriate endurance limit, S , of the material

is used, while for the latter the finite-life fatigue streeoth S nf the
o 0 , 2

material is used. In Figure 1.22, this distribution is shown for i0 life

cycles. The generation of such a finlte-life distribution will be considered
in Section 3 of this report.

Example 1.4.

Consider Example I.I, but4instead of designing for infinite life, let us

design for a finite life of I0- cycles. As shown in Fig. 1.22: let us take

f

= 853000 psi

_S = 4,500 psi

= 30,000 psi

Then,

and

= 5,000 psi

t = __ . . 85 000 __30 000 = _ 55.000 = - 8.17

63730(4.5)2 + (5)z x I,000

R = 0.915

This compares with R = 0.933964 in Example I.I for a life of 107 cycles.

If such a high reliability is not desired and the target reliability for this

part is R = 0.9995, then the mean applied stress can be increased to _ = 108,200 psi.

This may be calculated as follows:

If R - 0.9995 then t m . i = - 3.481, from normaldistributlon area tables.

Assuming the strength distribution remains the same, as it should, and the stress
variability remains the same, then

-3.481 = 85.000_-
6,730

or
m 108,200 psi

This says tlmt the same part may be designed to much higher stresses, hence

with smaller sections, lighter weight, and presumably lower cost. Hence the great
value of designing by reliability.

The design by reliability procedure for finite llfe when mean stresses are

involved is analogous to that of infinite llfe. However, instead of using the

distribution of Se on the ordinate of the Goodman diagram as we did in Example 1.2

and Fig. 1.23, we use the appropriate finite-life fatigue strength distribution.
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Consider a_.ain the part of Example 1.2, but let us design it for a finite

life of, say I0_ cycles. Now the Goodmnn diagram will have the finlte-llfe

fatigue strength determined by tests imposing reversed bending and steady

torque on the specimen, plotted on the ordinate.

Referring to Fig. 1.26, the strength distribution is

= 26,800 psi

_S = 2,300 psi

The stress distribution is taken to be the same as that of Example 1.2, or

Then,

and,

L

= 15,000 psi

= 23000 psi
s

26_800 - 15.000 _ 3.82t == - _ m ..... :- = -

¢:_ //(2.3) 2 + (2) 2X 1,000 3,100

R = 0.938665

This compares with a R = 0.9861062 in Example 1.2 and shows an increase in

reliability from the infinite life case, as would be expected, because we wish

the part to last a substantially fewer number of cycles.

It should be obvious by now that to treat Example 1.3 as a finite llfe, or

time variant problem, one would need to use the finite life endurance strength

at the desired number of cycles on the ordinate of Fig. 1.24 rather than the

endurance limit. The the solution would proceed the same as in Example 1.3.

Summary

In this section, the differences, and also the similarities, in the design

by reliability methodology as compared to the conventional design methodology,

have been pointed out. Conventional design methodology forms a framework for the

design by reliability methodology once it is realized that in designing by

reliability the important parameters of the design should be treated as distributions

rather than as unique values.

Tile various theories of failure for metals have been reviewed and the dis-

tortion energy theory of failure has been shown to apply best to alloy steels,

with the maximum shear stress theory of failure as an alternate.

Several illustrative examples which highlight the concept of designing by

reliability have been given. However, several important questions still must

be answered, such as:

60



\

m

S - 30,000 psi

_S" 2,000 psi
s I 15,000 psi

Cs " 2,000 psi '

i

0 I0

m

S = 26,800 psi

• as" 2,300 psi

S__a
sm- _ and a design life of 104 cycles

20 30

Mean stress, Kpsi

ho 5o
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• I. Ik_J can the failure governing stress and strength d_stributions

be obtained in actual design practice?

2. Ik_ can conventional englncerin!; formulas bo u0ed when distributlonsp

rather t_ml_ unique value_, are involved?

3. |low is reliability found wl_n tlle failure governing stresB and the

failure governing strength distributions are not norL_al?

Thesep end other questlonss are discussed in tl_e following Sections. In

so_,m casest answers are given; in others, the answers P_ast a_alt further re-

search and development on the Lnethodology.

One vital area which will be discussed n_xt in Section 2, is that of

determining functions of distributions.

c)

J
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SECTION 2

FUNCTIONS OF RAND0_ VARI_

FOR

STRUCTURAL RELIABILITY APFLICATIC_S

/
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CHAPTER 2. I

I_TRODUCTI_

This section presents the results of a lltersture _areh and theoretical

study which l._s been con_hJeted so t_t the widely scattered results of the

work on functions of random variables which are thought to be important for

otructursl reliability applications can be assembled and organized.

Freudentlual (1, p. 322)* has poluted out that it Is futile to tx T to de-
cide on the basis of alarm attalysis _d_Ich of the many distributions best
describe a structural design auantlh, ...._ ........

- - . -j_ .u_, u_ _ac_egue ££_e. He rocoul_erldsthat Such distributions be selected for study on th
ing. basis of physical reason-

Therefore, one portion of this section was devoted to studying works such

as (2-6) which do attempt to define or select significant distributions for

0tructural rellability applications. The diztributlons given in Chapter 2.2
vere selected_ and they are discussed further in that chapter.

Chapter 2.3 coutalua the mathematical deflnlt£ons of the d_strlbutlons
_slectadt _ith comments about their properties and parameters.

In Clmpter 2.4p mathematical concepts and definitious are presented. These
ere basic statlstlcal mathematics needed for understanding tim _ork in this

_ction. Then the mathematical metl_ds which are In@errant for the analysis of
functions of random variables are presented in Chapter 2.5. These include:

1. Algebra o_ Normal Functions Hetlmd

2. Change of Variable Metlx)d

3. Hc_ent Generating Function Method

4. Fourier Trans£orm_ Convolution_ and Inverslon Hethod

5. Hellin Transform, Convolution, and Inversion _thod

6. Characteristic Function Method

7. Cumulative Distribution Function Method

8. _fonte Carlo Hethod

Numbers in parenthesis refer to REFEPd_C_ at the end of this section.

Precedingpageblank
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Clmpter 2.6 presents some mathenntical Jerlvatlons and slgni£1c_nt results

for the more important functions, and utilizes the tcchnlquea which arc tlwught

to have the most promi_ for future studies. In particulnr_ the method involving

th_ l_llin transform (7), (8) is believed to have great potential for treating

products and quotients of ran<k_m variables because of its muitabillty to both
analytical and digital computer solution (7).

1_Isto.dh_r_ are so_ o£ the results which had not c_ to tl_ authors °

attontlon before the beginning of this current study and which are thought to

be important to the area of structural reli:,billty:

I. The p _ £ o£ products of n independent normal variables
_(O,o) for _ < I0_ (7).

2. The p d _ o£ the quotient o£ t_o Inc_p_ndent r/tramsvarlables
(7).

3. _ne product o£ two Indep_dcnt beta vat_ables of the £1rst

kind (9),

4. #ax extensive _rk on the q_otleuts o£ normal variables (I0).

5. The result for I/x vh_ x is lognormal, oz L(p_ ), (3).

8. _9_ product of two ioguocmal varlableo (3).

7. The quotient of t_0 log_o_nl variables (3).

8. Tim result for czb _h_re x le L(u,o ), (3).

Th_s summarizes some o£ tlw highlights.

In the l£terature of. statistical thcory, o,_ £1nd_ much work on functions

of raudo_a variahlea which is quire u_oful ia statistical probl_as_ _ut is not

especially suited to solving problems in structural roliabillty {II-13). Tl-_re-
fore this section re_re_ents an attempt to deal with functions of ran_)m

varLables vhlch will be useful in solvin s structural reliability probl_ms.

A_ an example_ consider the follc_rlng situation. The enduta_ce strength

0£ s part in actual servlce, _ubJect to fatigue londing_ is given by (14, p. 166)

]

!

se - s,, ..... kn

#_ymbol t_(_o) sty-irisfor Normal dlstrlbutlo_ with mea_ _ and _tandard

devLatlon o. See tlm List of Symbols for other _mbols.
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whe re:

Se m endurm_ce stret_th of the pa=t in service.

Set m endurance strength o£ tl_ material groin which the
part is m_de t 5ased on laboratory tests on a stan.tard
spac imen.

ka,...,k n - factors which account for t,_e dlf£erenc_,s between

laboratory coadltlons and service conditions.

Structural reliability tl_aory demaada tb_t all of tl_sa quantities be

tr_atcd as distributions. The question izov base,as, given the di_trlbutlon
of $ 'p end of the ka,...jkn, what is the distribution of the strength of the

a

patti Se? Once this streugth dlscrlbutica_ Is kuovn t it can be combined with

the stress distribution to flnd relLabillty as descriLmd in Reg. (15). Tills

poses the problem of finding the dlatributlon of the product of a number of

dlstrlbutlon¢ wILtch a_e not necessarily identically dlutributed.

Consider ar_ther problem. The t,a£ety factor can be defined on a st_atietl-

cal basis in the £ollc,_i_ _y (16, p. 9).

s (2.1.2)
S

F " _-,

V- the safety factor
B as the strength of the part or structure

• m tl_ stz_ss on the _rt or stz_c_

where:

end the tht_e variables are all distributed.
,_ , ,

is d_finad as ......=.....
Thin tlm probability o£ failuro

e.P.= er'(v<l)

_s, once the problem of tlm qoogl_mt o£ the two random variables _ and a

has been _olved, the reliability o£ tim p_rt or structure can be evaluated.

It _.e easy to see that all structural for_a_las, such as

P
m

s - A (2.1.4)

Kc
- g (2.1.5)

and so on ___ tngtnl_ can be put on the basis of all of the governing loads,
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d_nsloas s and Eactors being considered as distributions ratl_r tl_n as atnglevales o

Anotlmr problem which might be treated by appllcatloa of the functions o£

random variables is that of HRB Ointerlals Ravlew Board) action, Frequently

an engineer in practice is caUed upon to decic_ what is to be done with parts

which are slightly out o£ blueprint tolerance. Take tl_ shnple axample of a
_ul_d rod in axlal tension. From equ_tlon (2.1.4) s

.. PG m P m .-.-_....._

A (_/4)d 2 (2.1.6)

Suppose no_, tl_st c-o_m o£ tl_ pieces are found to be of smaller dlnamter titan

_P_clfled by the blueprint. The er_iv_.erlng representative to HP_ must recom-

mend as to the disposition of tl_ese parts. Currentlys this Is not done on a

ratlonal basls3 ho_ver_ by use of functions of random varlables_ the engineer

can quant£tatlveIy evaluate the effect o£ a certain numl_r of undersized parts
on tlm dlstrlbutlou of dlazmters d, of parts going Into _rvlce. lie could

then evaluate the offect of this on the distribution of stress, a. Titan, the

effect on part reliability could be evaluated. Fi_ally_ the effect of part

basis for declditkg _hother the parts could be used or r._st and c__u._nti_Clverellability on system t_llability _uld provide a rational be rej_cted.-__nis

could be a wluable tool, for frequently such de©Islons are made on parts whichcost thousands of dollar_.

72

Tlm above examples wlll provide a motivation for the study of functions of

random variables as npplled to structural rallabillty problems. This section

represents a beginning and much _ork r_Ins to be doue in this are_. lk_ever,

some very laterastlug results and techniques have been found_ and _ shall pro-
ceed ur_th a dlscussfoa of them. _'e s!mll begin with a dlscuss_on of reasons

for aelectlng for further study certain d_strlbutlons which are thought to be
Important to structural reliability theory.
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CR,_Z'ER 2.2

__ON OF DISTRIBUTIO};S

NllICl{ ARE _dPORTA._.T TO

S_RUCTURAL 'RELIt_ILITY

In t re duct ion

We shall now proceed to discuss the reasons for the selection of certain

distributions for further _tudy. Such arguments will usually procaed on the

basis of physical principles involved. Occeslonally, the conclusion will be

based on a_talysis of data, since this %rlll serve to r_Inforce the decision to

Include the distribution.

The Normal Distribution

/

Tim nonmal distribution must be Inclu,'md in any discussion of structural

reliability. Baagen (17) has developed an Algebra of Normal Ikmctlons by which

structural reliability problec_s are solved, assuming the di,tributlons o_ all

the. important v._rLables to be normal, llaugen has also published data on the

distribution of strengths of structural materials (l_) assuming this strength
to bc P.ormally distributed, and glvln_ its m_an and standard deviation. _rd

(4, p. 5) states time the normal dlstr_butlon (of elm, s to failure) has been

observed for sl_es, clothing, fumxlture, =_ost otu_le electronic and meclmnlcal

parts, end it can b_ expected for s_le parts _th homogeneous deter/oration

properties. Xt le commonly smsd in stress - _tren_Ith applications.

T1_ normal distribution may be applicable if failure occurs after an essen-

tlal substa:mo has been used up. Tim tiam to failure could be proportional to

the amount of the substance in the speclm_n. I_ the amount of the substance

varies among specimens accordlr_ to a normal distribution, then their llfe-tlmta
would be normally distributed.

In the Co_clusions of his PhD Dissertatlon) Keyes (6, p. 121) co_cludes

that tlm distribution of buckling strengths of thin-walled cylinders is normal-

ly distributed. His conclusion is based on the analysis of large numbers of
test t'esults.

Smith (20_ p. 85) based on his analysis of a large number of fatigue tests

on stall wires concludes that the normal distribution fits the fatigue strertgth
best in tl_a majority of cases.
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! _n a_.,._ry, _m l_:va tl,e physical rea_onlng given by tlerd (4), and the

i analyses of _yes (6), an_l _itll (20) with _,hfcl: to conclude thnt the norm_l

distribution represent._ t_ _t=angth of _ny st_-_ctural ma_erlals.

It o .,char .llj a._re_ thnt strength._ of ma_'e_ials can be re_re'sL-nted by

the normal 41ctribution, an:.!tl'_isn_-.:_<,stheir inclusion in structural rella-

bility _n_rk a necces_ity. ]Io_,_verI _any distributions i_ortant to structural
reliaLillty are :_-..rkedly cke_d, an¢, therefore at_e _ot neutral.

I Yhe Lognorma|. D_strlbut!on

- Parzen (6_ p. 7) c.iscu_es the iog::o_al dlctribu¼1ou in relation to i_s
i_.ppl_cability to fatigue llfe. }_e r_entions that various prooabillty .-_odels

give rlsc _o the. lognorz_l distribution. Yneze are sura_rized in Aitchfson

i and _.r_:_a, (3_ C_. 3). The ,-_ost L_4_ortaut of uhese moJels is the theor_ i ofprol>o."tlcn_.ate effect fi_'st a?vanc_d bv F_aDteY_i in 1003. Let X., ,_.q--X _be

a oeque_tee of roa_om variables _,_ich represent tlm magnitude at successive

I ttm_o of, say, the length of a e:ack resulting frc_ fatigue loading.

i Suppose tlmt each _m_gn!tude )" is relsted to the preceedi[_5 m_gnitude
• by the relation n _

Xn " Xn-I " CnZu-i (2.2.1)

I _hers _l' """ Cn are independent ran_ variables. Then the p._a.n_

I (xn Xn I) is a random proportion _n of the previous value Xn. I.

From (2.2.1) it foll_,s that

I Xn ,, (i + _n) Xn I " (I + en) (I + cn i) "'" (I + e2) X I (2.2.2)
From (2.2._), one sees tl_t for large n, X is the product of a large

n

n_ber of Independent factors, no one of which is domlnamt. The central llmlt

theorem of probability tlmn shows tlmt log Xn is r,oz'._ally distributed, from
which it _ollows_ that X n is lognom_al. ,

Tl_e lognon-_] dlntributlo_ has been euvanced by Freudenthal and Gumbel (20).

Consider consecutive stress cycles SI, So, ... S applied to a specimen and

be the disruptedlet An area within the specimen. Assuming a proportlo_ate effect,

[ bes_ available-copy.
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then the extent A of damage a£t_r n stress cycle= is appro_:imntely log-n

normal for largo values of n. Parzen state= ho-_ve=, that if one is interest-

ed in t_%e nu_er N('J) of stress cycle_ produciL_ failure it appears that the

p_bah_lity gi_._rlbuuion ;_(s) Is, Inso..ar as tneoretzcal con.';ideratlons are

coacerned, _-_ore lik_.]y to be _.le,!_cr!bej[y _in a::treme value or _:elbull rather
tlmn a lognormal distribution.

}{erd (33 p. 5) gives the following reasoniLlg. The logaorn_l distribution

applies to situm_ions in which several !nUep_ndent factors influm_:e the out-

come of an e_ent no= a-_,itzvely but according _o the _m_.gnltude o£ the factor

and the a_e 06 the itc_ at the time_ In _hieh the factor is ap;:!ied. If the

ef-_ect of each i._ulse i_ directly proportlo_ml to the :_gL_t_tmr_y abe of the

Item, then the loZ x is non_ally distrlbu_ed. _,_ other _ords_ x is log-

Aitchison and Bro_m. (3, p. 104) cite Day(55)* who states that the results

of en_lurance tests o2 many kinds (measured in tea-ms of effective length of llfe

of a mater_al or ,piece of equip:_ent) are _requently losnormal.

So it is seen that the Iognormal dlstribution must b_ Included in any atud M
of structural rel!ab_llty.

The Weibull _istribution

TI_ principal argu_mnt in favor of the Velbull dtstrlbutlon is its ability
to adapt to flt _%_ny s_mpe=, depending on its parameters This is illustrated
in Figure 2.l. _ "

Also, Parzen (4, p. ,3) diseusoes the extreme value distributlon, of which

the ',eihull dl_,_rihu_iou is a special case. The extreme value distribution
arises iu the follo%,i,_g way.

Let X1 ,..., Xn

varlable X.

be a sequence of independent observations of random

bet YI " XI

_2 = ma×im,_m (Xl, X2 )

Yn " amx_a_m (Xl, X2 )

w

l_efereac¢ (55) given in Aitchi_on m,d Bro_m.
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and

Z - minimum (Xl,2 x2)
@ Q ,

• • 0

in - (x, x2,

The random variables Yn and Zn are the extreme values of the observations Xl,..

•., Xn. The asymptotic distribution (the distribution for large values of n)

of the extreme values of Y and Z can be shown to be one of several types, de-n n

pending on the distribution function of the parent _, ..., X . For a completen

discussion, see Gumbel's book (21). The Weibull distribution is the Type Ill

asymptotic distribution of extreme values, and is the asymptotic distribution

of the minimum of a large number of independent observations _, ... _ Xn of a

random variable X which cannot take values less than some lower limit _.

If one knows the exact distribution of the independent observations _, ..

•., Xn then one can write down an exact expression for the distribution of their

values. The virtue of the theory of extreme values is that it provides an

approximate method for evaluating., under a minimum of assumptions, the distri-
bution of the maximum and minimum values in a sample.

Epstein (22) and Freudenthal and (h_mbell (23) have stated the physical

assumptions under which one may expect the breaking strength of a material to

posess a Weibull distribution. Roughly speaking, the assumptions are that the

strength of the specimen is determined by the worst flaw among the large nt_cber
of flaws present in the specimen. Flaws are assumed to be distributed random-

ly throughout the material. The size of flaws is assumed to obey a probability

distribution of type suitable for the application of the asymptotic theory of
extreme values.

b

The Gamma Distribution

Herd (4, p. 6) states that tlm gmuma distribution has been used to describe

lifetime of electronic and mechanical systems. The gamma distribution and the

Weibull distribution each have the characteristic of describing a situation in

which the failure rate may be constantj increasing, or decreasing so that these
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two distributions can be used to describe phen_aenawhich have widely different
failure rates. Becauseof this ability, these two distributions have been

proposed as appropriate for systems. Beth appear particularly appropriate when
we are dealing with a system where the deterioration mechanisms are gradually

realized and controlled by redesign.

The gamma distribution is of particular interest when we consider redun-

dant systems where each system has a constant failure rate. If we have per-

fect switching so that the redundant elements are inactive until c_lled upon,

i.e. in standby condition, the distribution of waiting time until all K systems

fail can be represented by the gamma distribution.

Herd makes a further interesting statement to the effect that to date the

multiparameter distributions are excellent in describing what happened but are
of limited value in making inferences about how to improve systems. Numerous

examples are present in the literature where the Weibull or gamma distribution

can be used to describe data which were generated from heterogeneous populations

or by heterogeneous physical processes but these lead to gross errors when ex-

trapolated or interpolated for application to supposedly similar situations.

In other words, care must be used in making reliability predictions, no matter

how well past results have been described, when using the adjusted multi-

parameter distributions.

Birnbaum and Saunders (24) also discuss the case when times to failure

follow the gamma distribution.

The gamma distribution, like the Weibull, has great flexibility. See

Figure 2.2. it is included in this study for this reason, and for the physical
reasons mentioned above.

The Beta Distribution

No papers which give physical reasons for the use of the beta distribution
have come to the attention of the authors. Its inclusion in the study is a

result of the following reasonings An objection to, and a shortcoming of, the

lognormal, Weibull, and gs_ma distributions is that they extend to infinity in

the positive x direction. It would seem logical that a distribution which

had both an upper and lower bound, such upper and lower bound being adjusted

by the parameters of the distribution, might better describe certain variables

such as, for example, the diameter of a rod. Such a rod in service would have,

for all practical purposes, a definite upper and lower limit on its diameter.
In a conversation with the authors, Dr. Jerry L. Sanders, of the Systems Engi-

neering Department at The University of Arizona, suggested that the beta distri-
bution had this attribute and should be considered. Therefore it was included

in the present study.

Estimation of Parameters of Distributions

No theory which is developed, no matter how elegant and correct it may be,

will be of any value in structural reliability if the engineer in practice can-

not apply the theory in a reasonably straight forward manner to get a final
number. Therefore a comment about estimation of distribution parameters is in

order, although this subject will not be discussed in detail.
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A max_ llkeli_od es_h_:e for tlm par_ac_or_ of the ao_'_l and iog-

non_l d[_crlbutlon:_ is easily obtnlued, Se_ for c_m=_Ic (:[5). In the ca_

of the V_bu!l, g_.raa, and b_.L_ di_t_ibutlo_,_, the _;ItuaEion i_; no_ qui_:e so

fortunate. Tha £olloulug refcrenee_ are suggested.

Dl_.trlbu tioa Reference

:?elbull (.°.6)(49)

_-,_ (49)

Be t_ (47)

_._e ease of estitm_ti_g _m_i and loguoz_l di_tributio, parm_:_ers and

the ex_en.-ive t_bles[_"_ich e:_.Is_ fo_" them l_:ve cause,/ tl_x_ to be e::tr_z_ly

popular. IIot;eve_ care u_u_;_ De tel:ca _-ot to _se these distributlo_zs careless-

ly. St_ctural _'eilabi!ity results _.my Le san_Itive _o the: d[strib_tlon '._._:.ch

iS c_msen (6, p. 121), (29). 0_ of the purposes of stedles such na this ks

i_:'¢estigate the appropriate choice o_ di_t_:i:_utions based on logical o_"

phy_;Ica_ reasoning.

S_a:_ ry

A recent mmmary o£ _rk in this particular area is given by _o (49).

Kao sl_mm tl_t the "chain model" theory of failure, where a_: Item is assu_ed

to consist of _any sub items, t_e failure of tlm weakest one causing a failure

of the item, lead either to the :'elbull dlstriSu_iou or to G_r_al dlstributiou

(a_yn;ptotle di=_tribu_ion of Tyl,c I). T_e "rope _:_,!e!'__i-e_'eby each lien is

asstmm, d to co_tsist of rm_ny ,_>,._rallelutr.:_uds_ and fallu_'e does _=ot occur Until

ell _,trands are broken, i_ sl_o_a_ tO lead to either _h_ [_._.r_m Or the _o_-_l

distribution. _q_fs paper also gives r,_ntlmds for estlmati_%'_ the p._r_aaeters for

t|_se d_str_butio_As, and provlde$ an o:,:celle_t stun_ry reference for the _mrk

discussed £n this Chapter. Daoed OU the _,-orks discussed above, the foiio-zlng

dlstrlbutlons have been o_e!eeted for iu1"thcr stud2.

%, .%(i) .o= I

(2) Img::o_m !

(3) :'cibull

(4)

literature Nareh and tlmerettcal study concentrated on results for these

part/&-uLar _]istributlons and oa mathematical m_thodi which vould handle the_

distr_butions. Before discussing these nmt|_ds and results, some t_eeessary

mathematical concepts vii1 be discussed. This will be done in the uext Clmpter.
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ClL_PTER 2.3

HATdERATICU_ DF21NITION OF ;/fPORT_ DiSTRIB[_I0_S

The Normal p d f

The normal distrlb_cion p d £ is _Iven by

f(x)= I e -

whe re:

N iS t_ mean Of tl_ dlstriSu_io:b and
0 is tho stan_Mrd doviatlon

(2.3.1)

I To estg_'_Le ti,_par_anotors of tho distribution ft_m N ol>servaL[ons, tlm
follovi,18 formulas are used

t

N

(2.3.2)
P''t

• -..

_N "J

/N: 2

i (2.3.3)_f tl_re ere less thau 25 observatlons, an estlmate for tim standard devia-

tion sl_uld be studs by usiltg

., _ -o p,21 (2.3.4)

_/ ,,I (xl
N-1

_' Of) •,.(_,_'e shall denote t|_ r_>r_31 distribution by

!

i
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the I,ognormal p d £

The lo_r.orml p d f to defined by

• za V 2_ I 2o I ,

Atechisou and Brotm (3) is recommended for an excellene discussion of ehe
lognor_ml distribution.

_m parameters _re the mean _ and the standard deviation a. _neDe

can be estimated fcoQ tl observations by

I N

_= _ _: log _X" (2.3.6)
1=1

O I (log x 1- p) (2.3.7)

If N ie less than 25, the follca-_i,_gequation should be used to eatl_ata the

standard deviation L L

/II 2

/ X (Zogxi -, p.)

Tim lognornml dls_t"ibutioa will be denot;ed by L(p,, o'),
The helbull p d f

Ne£bull p d £ is degirmd by

•,_ / x.v\[ _-1 -/_P

f(x)- --_(-_ e t _ (2.3.9)
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where: ¥ < x <
y 16 the location par_.ter > o

18 the ohape p_ro__ter > o-

16 the scale parameter _ o

T[_ mean of the Peibull distribution is 8iven by (31),

and the varianca of tho 1:elbull dlatrlbutlon is 81yen by

m_ l+ - 1+

where r(_) is tl_ _ function of _ defined by

m o "x dx

Tables of the _ £unctlou c_, be found in Ref. (32).

_elbull distribution will be ch_otod by _(¥, _, _).

The C_ p d f

e(_)= e"_/_
r ({3 + 1) nO + I

0 <X < _

q la tho _-_le psremeter > o
0 £_ ohm slope parameter > (-I)

The mean of the 8tmm8 distribution is 81yen by (30_ p. 93)

and the variance by

2 2

_'e slmll u_ G(_ _I) to &mote tlm gin,ram distributlou.

(2.3.10)

(2.3.U)

(2.3.13)

(2.3.14)

(2.3.15)
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The Beta p d _

There are _o kinds of beta distributions: defined ae follows,
i The beta distribution of the first kind Is given by

1 a-I
_(x)-_(a, b) x (t- x)b'l

-- o<x<$
a>o

_mre: b > o

S(.,b)u
r (a + b)

The beta distribution of the second kind is given by

xa-I
f(x) - -- --

(2.3. t6)

(2.3.17)

(2.3,x8)

These two p d f's w£11 be dehorned by Bl(a , b) for tim beta distribution

of tJ_e _trst kind and by B2(a , b) for the betm distribution of tim second Idnd.

Suamary

The m_the_c.atical formulas of the p d f's seloetcd for future study have

been given. _ _Te shall procoed to a discuas£ou of math_attcal cotmepts
azld definitions.
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Ctb£PTER 2.4

MATI_'_TICAL CONCEPTS AND DEFINITIONS

Introduc tlon

In this C_aptet- some essenclal concepts o£ ma_he_tlcal statistics will

be discussed, An excellent book by Hogg and Craig (30) gives a more complete
dlscuss£oa. The basic concepts presented here wlll be essential to un._orstand-

in_ the moth_atical mtl_ods used to study functlone of rundom variables dls-
cussed In Cl_ptar 2.5.

The Probablllty renslty Punctlon

The probablllty density f_unctlon for a eon_i_ous random variable can be

defined in the follo_l._ my (30s p. 17). Let the one - dlm_nsloual set A
bc such tlmt tl:,.e Rie_nn !ntegr_l .

$^ _(X)dx = 1

and tl_e £ollo_Ing condlt£ons are met:

I. £(x) >0 for all x in A.

2. £(x) has at most a flnlte author o£ discontinuities

in every f£nlte interval that la a subset of A.

_n _£ the probability of a set a whlch £s a subset of A is given by

P(a) - er(xc a) = /a f(x)dx

X Is said Co be a random varlable of the continuous type, and £(x) Is sald to

be the probabillty density f_nction of X. The abbrmrLatlon p d £ wlll be used
for tl_ probability deaslry funetlon.

¢be Cumulative Distribution Function

The Cumulative Distribution Function (c d f ), denoted by F(x)_ can be de-£1n_d as

P(x) = Pr (x _ x)
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A third special mathematical expectation is called the moment generating

functloup which Io given by

I

I

I

I

E tx ° _ etX f(:O dx (2.4.6)

D_ sl_ll adopt the symbol M(t) for the moment generating functlon_ that is

X(t) - E (etx 1

The _o_nt-generating function does not alway_ exlet_ becau_a there are

dlst_-ib_tions which c_ not hnve • mom_nlt-generatlng function. Ik_wever,

when it does exist, a _os_t l_2_ortant statement cna_ bo made. TI_ mo_nt-gemerat-
ing function is tmique_ that i% if two random variables have t!:e same moment-

genernting f_nction, then they have Ide_ttlcally the _ dist_ibutlon (30, p. 40).

Consider :

|

I Theref ,r J

derlva :i',

!

!

i It'

,_o_t_ < xIe _ x 1 < b)

The momeot-gez_rating function gets its name from tlm following properties :

M(t) m EIetX )

o
:M" (t) J t-O

Im the flrzt._q_ent o£ the dlstrlbutlon, or
the mean

Io the _econdmom_nt o£ the distribution
th

is the n mo_wnt of the di_tril>utioa

•herefore, any moment o£ _ c_Lutributiun con bo go_terated by taking the desired

derlvatlve m_d _tting t equal to _ro. Note _Iso tl_t

2 _ H''(o) -_ (2.4.7)
= x '(o) - _'(o)

D_rglnal Distributions (30, p. 54)

x_ _(9, =_) _o t_ Joint p _ _ o_ _o _,_ _ia_l_ x_ _d x_,
< b, where a < b, is poselble when and only wl_n the event a

.oo <: X2 < _ occurs. This can be written as the following

probability statement:

tim

This is the integral of the Joint p d f over the IL_Its o£ the probability event
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being considered.

CouBtder the integral

(2.4.8)

this is ._ function o_ _ _lone, end is def_ed to be the marginal p d £ o£XI, dezmted fl(Xl). Sin_larly_

f2< 2) " (2.4.9)

T]m concept oE marl;Innl p d £ will be essential later when t]_ chargeo£ variable technique _s d_scussed.

i

88

SCaelmst£c Independence

Most oE the results £or ftulctlons o£ random variables are given _or ran-
dora variables which are stoclmstlcally independent

pendeat"). SCoclmstlc independence can be de£1zted (oEten called merely, "fade-
• as follows (30, p. 68)t

l_t the random varLables XI and'X2 trove the Joliet p d _.

f(Xl_ x2) and the n_rgf_l probability density functlous

£i(Xl) and £2(x2 ) res_ectlvely. TI_ ran_k)m variables Xl

and X2 are said to _ _tochnst£cally Independent if, and

only iE, £(Xl, x2 ) ,, £1(Xl) £2(x2)"

The change o£ varlable technique to be discussed later will utilize this

definition. In genoral_ the formation ot" the Joint p d f of n independent
rando_ variables XI , ..._ X can be _ritten as

_(x,., ..., x) = _z(xl)x ...x f(x) (2.4.lo)

Summary

The following concepts £rommachenatlcal statistics have been defined anddiscussed:

I. Probability Density Function

2. Cumulative Distribution Fur, ction

!
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3. Hathe_atical E_pectatlon

4. }_rsixml Distcibutlons

5. Stocl_ti¢ Indepen_ce

These definitions will be applied in the next chapter s wl_ere we shall

discuss in detmll some oF the nmthematlcal tec|miqu_s used in the study o_
functions of random variables.

J
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t'_AP_R 2.5

MAT!_%TICAL _'I_i_)DSUSED

IN THE STUDY OF

FUNCTIO_._SOF P_DO_! VARIABLES

Introduc t ion

In this chapter several methods for treating problems in _nctlons of

random variables are discussed. It is not posslble to say, in general, that

any one method is b_tter than a:_ther. Depending on the dletrlbutlous being

studled, and the functions of t;mse distributions _hlch are desired, it may be
that a partlcular method _ill be superior. It must also be sn_d that not all

o_ t_m func=ioi_ which are desired £or structural nppllcatlon can be obtained

in closeJ form. floweret, the followlng tcchnlques will usually yield results,

even if mr_erlcal methods must be used. Ue slmll now summarize eight methods,
and give an e_auRple o£ the use of each one.

The Algebra of Normal Fuuctlons Hctl_od

Bnugcra (17) _a_ presented a msthod, which he calls The Algebra o£ Normal

Functions. I_ thi_ rustled, which is pri=mrlly intended for use in structural

reliabillt_/ design, all variables are ns_ncd normally distributed. It is

also .s_._ed tlmt the results £or tim sum, di£_erer_,
two norr_l random variables are nor_ally dlstrlbuteJ . product, and quotient of

Under tl_se assumptlo_s_
a completely clo_ed algebra c._n be devel@ped_ this is stmmmrized ss £oUows:

W_eE_:

_t_n
= + oz

This is valid exactly only _or tl_ sum nnd difference of two normally distributed
random variables.
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Then

Product

whera

T}_n ff
z

tt

Z-X-y

x is :+(Vx' ax)

° z + _y

Z =, X.Y

Y i,sc%, %)

Z m X/Y

x is t_CUx, Ox)

[..." 2 - 2 2 --

-,,++ (2.s.5)

_z = R/V.
K y (2.5.6)

8mlth (19_ p. 40) has di6cuseed _hl 11r_ts of application of equation

(2.5.5). The quotient of two normal ran:!om variables is a,_pvoxlmately aormal

when _//% > 4_ and equation (2.5.5) is a goOd appro_!matiou. ALl equation by

Marsaglia (33) is more aecur, ta wtmn )aM/" % < 4. F_"rtl'¢r discuss/on of tlm quo-

tient of t_o noZmal variables wXll follow later in Clmpter 2.6.

This work by l{augen reproseut a major step fomnard in tlte attempt to incor-

poratm strUctural reliability at the de_i8 n level av,d does all_# the reliability

approach to be taken, It cannot be denied I_ver tP_at some var_ablea which ar_

sIgni£icaut in strUctural applications are not noz_mally distributed. Therefore

%_ _hall discuss sou_ addltlo,_al technlquca t_hich cau be applied to variableswlff.ch are no t _)rmal.
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The Change of Variable Method

The discussion here will foll_ that of Ilogg and Craig (30, Ch. 4)3
l_vert this technique is _uite co_Llmon, and can be found in many books on
matl_matlcal statistlcs. The technique proceeds as follows"

Suppose _e have X1, ..., Xn gboc}_stically Indepen_kmt rm_dom wrlables

eacll with p d f £(x). Then the Joint p d f of XI, ..., X is given by
II

(for independen_ random variables)

_ r(_, ..., _)= _(zz) _(_2 ) ... z(_)

Now if _e de,ire to obtain the p d f of a f_nctJon YI _ Ul(Xl'

a soe_what roum_bc_t metl_d mu=_ be usod. First, we mu_t form

which defi:._ a ot_-to-One transformatlon_

Yl " ul(xl' ...,x )t_

/

Y2 " u2(xl' "'"xn)

(_..5.7)

•,.,Xn)

n functions

eeoIieG w@

Yn '_ u.(xl' "'"zn) (2._._)

It Is import.nnt to note here th,:t_m must l_ov_ n transforr_atJe_t functions,
even though _e _y only desire to _a,m_ one particular fu;_ctlon, say

Yl " Ul(Xl' "'" Xn)"

Now define n inverse transformation functlous of the transformation
_;Iven by equation (2.5.8)

zI - Wl(Yl, ...,y,)

x2 ="w2(Yl, ...,yu)

#ee@_ee _e

Xn " wn(Yl, "'"Yn ) (2.5.9)

Then it follows from work in a:_alyele re_rdln_ change of variables in an

integral (34, p. 243), ttmL th_ Joint p d £ g(YI' "'' Yn )" _ 81yen by,

* [J{ = absolute value of J .

(2 5. I0)'*
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w|ter_ •

$ is the Jacoblan of the transfornmClon and is defined to he

J I

_z bx
h _t

N

_x1

bx

II

t'o_ that tL_eJolut p d f of YI' "'" Yn

£unctlo,_ YI j"ul(Xl' "'" Xn)

£8 l_n_, w_ can £I_I our d_alred

by £ic_ding the marg,izml p d f

<YD= ,[_ L: Y. _Y2gl _ ''" g(Yl' ""_ ) .,. dyn (2.5.11)

n-1

L'e almll ,.,owillustrate this techu_que by a _imple e>_v_le. For purposes

of illust_'ationj %m z._ll use a simple ex_te - ono w._e rosul_e may not be

too Intere_ti_t_ for 8tL_cLut'al applicatioas_ but which servoa to [lluotrate
th_ met!:od.

, _L_: (3¢, p. 123) h_ ¥1" (;:I" X._). _:h¢:rc,<l =r,_ X2 are
i_,,cpo_don_rand_ vvrlalle_, each, being _- _2). e Find the p d f of Y!"

_he chi-square distribution with r

I xrl_-I

(_) __P_S__ o_ x1 a_d X_

degrees of freedom is

-x/_ 0 <x<,3)e (2.5.12)

is

f(x z) f(x 2) = exp - (2.5.13) '_:

0 < _I < _' 0 < _ < _ _i

(b). Arbltt-arily_ let Y2 = X2 since we need two one-to-one tr_nsfoz_atlons.

Then the equnr.ions of transformmtion are

Yl " (xI - xz) (2.5.14)

Y2 m x2

_2(r) will symbolize tl,ecl:i-o_.mre distribution with r def,rees of freedom.

I Repr°duced ff°m _ 93_best avallable copy.
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(c)

Xl = 2Yl + Y2

x2 _-Y2 and

"2Yl < Y2

0 <y21 -00 <F 1 < O0

(d) The a_laEcgbja_ of the Inverse CransformaClon is

(Q) Zt_/p_!.nb._ o_ YI a_d Y2 _s

(2.5.15)

I
(O

"FI'Y2
g(yl, y2) - ½ e

TIM ma_i_m_1p_df of YI £s

½ e'Yl"Y2 0y2 = %eYl
gl(Yl ) - _[2y I

/

-oo <y1< o

Oo

Jo ½e'Yl'Y2 dY2 ½ e'yl
= O<Yl<_

slO, j) -½ e ( Yll .oo < Yl < oo (2.s.,o)

94

The extension of thls techn!.que to fu,_ct#ons of several variables follows
the same pattern. One disadvantage of thi_ technique is the re_a_r_,ent for

geueratln_ as many oq_tlons of trans_otm_tlo_ as there are random variables

involved. It is frequently possible tO set around thl8 requlrmn_nt by uslnS
the molar generati_ fuac_lon m_hod, which will be d_scussed next.

The Moment Generat£ng Function Metl_d

In Equat£on (2.4.6) the moment generat£ng fur_tlou ms defined as

E(eta) _o et x f(x)dx



I

I

I

and hove tl_e value of E(et71) where Y1 " Ul(Xl' "'" Xn)" Since tlJe moment

generating function io unique, then if the moment generating function of Y1

is seen to be t}mt of a certain kind of dlstribution, then YI |ms that distri-

bution.

_E:m?_O.1E (30, p. 138): Let X I and X 2 be independent random

variables with not-m_al distributions NCBI, a I ) and N(_2, 02 ),

_espect£vely. lint Y m X I - X2_ find g(y), the p d f of Y.

Th_ mordent gen0ratlng f-_nction of Y is

t(x 1 - _2)
M(t) _ g(e )

(2.5.17)

for the normal distribution la_ fo_'m of t1_ mo_..mnt generating fnetion
known to bQ (30, p. 97)

Then tXl) ( 2t2_(e - exp 5 t +---'T--

"tx2) ( s22t2gCe - exp _2 + 2

go that }_(t) from eqtu_tioa (2.5.17) is

_(t) = exp
=

,, exp

From equation (2.5.19) It is _een tlmt g(y), the p d f of ¥

,_ol 2 a2 2)

(2.5.xs)

(2.5.19)

18

The moment generating function method is quite easy when it works s but it

may not always work, because sor_ functions 40 not possess m_ment generatln 8

I
i
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functions; r_reover, the result of applying tl_ _o_mnt generating function
mmtl_d may not be recognizable. _e are now going to proceed to n discussion

of a nmthod, the Fourier transforra method, which will be especielly suited

to problems Involvi_g s_ma of random vsrlnbles.

The Fourier Transform Method (35), (36), (38)

This method, utilizing theFourler transform, convolution, and inversion

is a vc_j powerful _te in _l_ study o£ sums o_ random varlables_ especially

aincO n_mcrinal _echnlques. exist for solution, "#af. (3_).

'e have, fro_, _._f, _37), _I_ followlr_ t_heorem-

If

then the Sum

x obey_ • la_ _ fl(x)d_- i, and

Z,. X+ Y _ill oSey tl_ law

That is, the p d f of_z will be

y obeys a law _ f2(Y)dy = I

(2.5.20)

But this is recoi>nlzed _o be the inve=so of £i._ Fourier convolution

(36_ Sec. 3.33) as follow_:

TPm Fourier tran._iformsof if(x) aug f2(y) are

96

FI(u) " _ fl(_)e'£UXdz

F2(u ) = _ f2(Y)e'iUYdy

'fhen F"1.....F_l(u) F2(u)_ - g(z)

. _ _ (z-y) e2(y)_y

where F"I is the inverse Fourier transform.

(2.5.21)

(2.5.22)



|

!

1

22_£a oays tl_at we can find the p d f g(z) of tim sum of t_o random
variables X a_d y such that Z -_ Y + y by _indin C the Fourier trausforms
o£ X m,d Y, =_Itiplyl;zg them Logetl_r, and inverting tim result.

_e inverse of the Fourier transform £3 defined to be

_(×) = 1 eiUX_-f_ F(u)au (2.5.23)

I

I

1

I

I

1

I

I

1

1

Tables exist for the transform and It_ Tnverse, see (353 p. 122).

•__,,-_: (36, _.. _.3-2). Let

£1(x) - 1 0 <×<I

£2(Y) = e "y y <0

It is deslre4 to find g(a), the p.d.f, of the random variable Z = X + Y
"_"_"-eQ%,'e tm.-iv(__

-tu

FI(U ) . 1 e

1
_2 .....(u) = lu + 1

/

tlmt

Fl(u) Yt(u) " L_u(lu+ I)

= 1 e"z- z<1

--: e "_u 7

i,LR_._--;7").T]= F(u)

- (e - l)e -z i a_ z _

This illustrates tl..eutility of the Fourier transform method in sclvln8
probleaas involving the sum of t_,_ random variables. A similar method, the

}_llln transform metl_d Is especially _ulted to solving problems involvi_
products and quotients of rand_a varlablos.

2_,e }_llin Transform, Cxmvolut£on,

and Inversion }_thod (7),

(8), (35), (39)

22_ Mellin trans$ora_ and convolutions are very useful in finding the

_ote that in this case the Fourier transform caa be found by looking up the
Laplace transfor_,_ a_d replacing s by iu. A similnr process provides the
inverse.

Reproduced {rombes! available copy. @
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products and quotients of independer, t ramkxn variables. This is a result of

their foll_.,i_3 properties (7, p. 7):

1. _I_ p d f of n tndepe._deut ran,_m varLablea zany
he e_Pdressed as a _llin cot:volut!on.

TI_ Molltn cowsolution yieldlng t,he p d f of a

product of t_ indepet_dc-nt ra,ack_m varlab[e8 can

be obtained from Its _ellin transform by mea:_ of
atl inverslon formula.

_he transform of th_ M_llin conx_lutlon yielding

tlm p d f of a product of tl independent random

variables in the pro_ct of tlm _llin tra_tsforms

of _he p d f's o£ the component random veriables.

! The _ll£n transform can b_ defied as (7, p. 8)

_I(f(x)) == E Eu'_ m C xs'l £(x)dx (2.5.24)

,'_o¢e that the _llln tran=foz_a is d_fi_d only _or x _ O. Lk_'ev_r_ g_st_In

(_o) and _priager sad Tho_,_pson (7, p. 10) discuss systems wlusreby the tran=£orm

can be applied oyez- t_ re;tie -_ -_ x _ =.. _la technique i_volvcs breaking

t]_ function into positive and n_g_tlve parts, =_d redefiuing the pa_tlal

DJnc_io._s in ouch a way t|mt the _l_llln transfor_ ra_l_d can be applied. The

devils will _:ot be presented here. T|_ pressntation in this .report will be

restricted to the range/xi_ Or. wi_h the _n_dersCaudlttg that ths _tl-_d can be
extended.

_I_ inverse _oz,_le is given by

!
!

l

]

]

Tables for the the _llin transform and Inver_ or_ available, (_),
(3.% p. Ls._),(,_).

The _tellin convolutiot_ of _wo functions fl(x) and f2(x), 0 -_ x < _ is
d_flned a6

g(z) = "o fz fl (y)dy (2.5.26) .....

I_ut this is exactly t_ p d f of t[_ product'h(x) wlmro X _ X1X 2 of _._

in_tepeudent ratr3om variables with p d f's fl(xl) and f2(x2), (37).

Reproduced frombest available copy.
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I

M(h(x)) = E _(XlX2)$'_

L
(2.5.27)

Equation (2.5.27) says tlmt the p d £ of a proJuct of =_o indepeTtdent random

varlableo X i a,_d X., is the !._11£n couvolu_ion uho_e transform i_ the product

of tt_ /_II_n t=_-,._forms fl(xl) and f2(x2).

By successive application of the abOve scher_, _;_ can find th_ product of

n it.dependent =au_k_ variables XI _ 0 wit}, p d f's fi(xl), i-l, 2, ..., n

by tl_ use of

n

_(6n(x)) = 7] s(q(x_)) (2.5.2s)
t=l

The p d f o£ the desired _,_alt_ ha(._), can be obtained by inve_tln8

H(hn(X)) by u_e of _ableo, or by applying t_e def_nltlon of the i._4_rse

/

i=l z

This integral can, In most cases, Le evaluated by use of the tlmory of
residues, _e, for o_ple, (40, Ch. i2).

The MellOn Craasform mettled c,_ also he _sed _o find the distributions o£

quotients of i_;geper,do,_t r,_dom variable_ In the following way. Con_ider the

•. _ then

., I
(2 ..s.3o)

- HC_(_)I-,+:) (_.s.3t)

s replace,! by c_ - :._,+ I. Ln 8euerat, H _(x) I I_ will mean M(f(x)) with
8 replaced by _ .

il Repr°duced from
, best available copy. _)

99



I
I00

_nt i_, the.1_.llin tr_sfonn of the p d f of the reclprocal o£ a random

varlab'e_ I/Xj Is the IIallln tra_isform of the X, with the i_az'nm_ter s
repl_Iced by -z ÷ 2.

Yheu or_ can doee_nine the p d £ q(e) of _he quotiont of _ random

vavL_blea X1 a(,d X2 w_th p d £'8 £1(::1) and f2(x2) by

H(q(_)),_ M(fl(._:l)),_ £2(}:2) I .s÷ p._' _

_n q(z) will follow fro_ the inversion

___le_: Let elm r_.n_k_nvariable X

•" 0

_ve tb_ mono_._l p a f

.i0 _ x Is C_z_al

_ _llln tra:_s_or_of the produce y .._. Xi
integration and Equations (2.5.24) and (2.5.28). 1

_ inverse Is

Is, using elementary

- " "s (s +_)'n ds
h(y) = 2.1 ,,_c-i_ " "

which, by application of the residue theorer b !_ecomes

h(y) = (n - I)' 0 I

- 0 el _e_H_.ero

TI,_ po_er and utillty of tlm Hellln tra_sform n_thod £or £i_di,_g the distrl-
butfon_ of pro_uct= and quotients o£ ra_tom variables can now _e seen. Sonm
re_ult,a of tl_ application of this ,'

me_,..odwill be discussed it, Clmpter 2.6. We
_dLll now ,ii_cuss n taetl_)ds.l.ic.:is reI_ted to t_ao _oment genernci_ _uuctlon
method_ namely_ the chc'rscterlstlc fuuction metl_>d.

JReproduced from _best available copy.



V

The Characterlstic Function

Hethod (41, p. 240; p. 247)

|

As in tl_ ca_ of tlm _x_ent genucating f_uctionj a di_trlbutlon is completely

In C,hapter 2.4 it wns mentlo_:ad t|mt a =K)_e.ut gene_'atlng function did not

al_yo exist for a given distribution. A clo_ly _llled function which _ill

ah_ays exist i.'_ the chnr_ete.ri_tlc f_anc::lonj xihicL i= defined as

(0 e"ttz _x (2.5.35)
/

l_is _ethod will .Lot be developed _o a great extent at this time/ a etmple
ez_mple Lo il!us_rate ira appllc_on _-ill be prese_ted,

If we ;rove n independent rando_ vartableu

,.¢ho,qe c;_racteri_tic functions are q_l(t), ..., _l(t),

• _,(t)

_o the clmracterl,_tlc f-unction of the oum

but _inee the randc_a w_.-iablea are independent, the expectation

to the product of the e_pectations,

I01

ii determined by its characte=l_tlc i_o.et'.on.

A _o, i_ t_ ch_rac_er!etlc func_lon

can _e fout_d frt_ t|_ relation

_(x)- -2-I--fZ _p (t)e "Itz

:hod wLll ;_ot be dew, loped _o ,

lus_r,=te it_ appllc_ _ton _:ill

I XI, .-.- Xn ,.those c;_racteri;
t_ p x_odu£ t

(0 " _(t) _2(t) ,..

I qO the clmracter!,_tic f-unctic

i s-x I +x 2+ ,.. + Xu

Thie can be _eon by conoi,_rtn3

I bu, _i_ee the an_vaof the product ia equal

I

!

Al_o, iE tY_ character!etic fuactlon l_ Imam., the distribution function



therefore

I _ (t' " _l(t, _2(t' "'" _n(t'

Consider nc_ n independent normally distributed tendon variableswith means = 0 and standard deviation oi, 02, ... on . _eir

i characteristic £unct[o_ are (41, p. 244).... o2t2

" ' - 2k_ k= I, 2, ... n

_k(t! = eI
II1__ and the c,mrsctar£stlc fut,cti_ o, tlmlr sum

II s- xI + x2 +... + x

wii1 be ,

i -(p(t)= e- 2 "

-'. 2 2. 2 2

wi_re o " Or1 't- 02 _- ... 0."

Th_refo=o, S is [_)rmaUy dlsarlbuted w£th mean 0 cud 8tandard
d_v_a£1on .__ _ ....

0._I 2 + 022 + ... + 0.n 2

The Ctam_IztlVe Distribution FU_ictio:t }:_hod

Thls. meCl_)d is quite Simple to apply, _u:& is ae_ually th_ o_-dime_'slornl

case of t_e cha,_ge of variable technique. Ik_yever_ It _e l)reoe::tod separately

because i_ p_)vidas a |mnc_ tool for fin.ii_ functions of random variaLles such

as Cne one pre_ented in tl_ follovin g e_lo (30, p. 95). _

_,_e: Let X have a gamma diutt'll,utlon with p- r/2 - 1 where

Is a positive integer and _ > 0. If Y- 2X/_, %dmt Is tlm p d _E
of ¥? ....

Tim cut_41atlve dlstributiou Euuct_on o_: y _s

C(y) = Vr(Y _ y) - Vr (X _ RZ)

For y > O,

!
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If (r/2 - i) is substituted for _ in Equation (2.3.13), then

f'1 , _
G(y) =, " x'_ c/2"l)e-x/'_ dx

Jo
_q_ p d £ of ¥ i_

l

.

= l _r/2-1 )¢-y12

or,y 2<r)
r

The ;,bn_ Carlo ,_bthod

T_ l_>nr_ Carlo m_thod e._ables tl_ detet_i!_,tloR of the distribution of

the depe_u_ut variable, given the dlstribttt_.o_n of the variables it is a function

of t by means o__ computer s!nmlnt!on. I'L_.y of the f_'atctions of rando_ variables

_or stres= and str_:_gth, as well as o_.he.r Important pnrametezs_ ca.a bo syuthe-

sized and evaluated via Ik_t_e Carlo simulation° The Idoute Carlo _chn_que is a

popular _nd successZul o_=e. The _ollo_n_rg description covers the detennln_tlon

of the diotr!butioCt of the depen,._nt variable from the dlstribatlon o_ 6everal
In_pen.Jent variables:

I. Divldo the distributio.u o. _ each iudepen,_nt variable or factor into
_n opti_,_ nu_er of intervals.

3.

Calculate the eantrold Cij for all the intervals in eoch dlutrlbution.

Determine the p cobat_illty of occurrence o_ the coutroij o_f each interval,

PlJ' which is the percentage o_ the _otal area under the ith distribution

contai_ed in tl_ j th interval.

4. Enter all the pairs o_ numbers, Cij and Pij _ into n digital ccmputer,

along with a ran_kmt number generating pro3r._m £or a_sociatlng a p_rtic-

ular digi_ or digit_, in the r_._c_om nurturer, with a particular variable

and a particular palr of Cij anJ Pi_ values of that vnrlable.

5. C_nerate a random., r.t_nber an_ therefrom identify a comolete set of

values for all "_'ariables identified with it, together with their CiJ

_=
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I0.

It.

12.

associated probobilities_ PiJ • Contltlue until over 250 and

preferably up to 2000 such _ets are obtained.

Calcalate the response (strength, stress, or reliability) from

e_ch set of the randomly scl_cted variables.

For each response value determine the product of the interval

probabilities, _e # asseciated with the Cij used in calculating
the response.

Determine a suitable nu[aber of intervals, k , for the calculated

response values. Group the values of the response lying in each

interval and =heir probabilities.

Calculate tlm centroidal response_ rck , for each interval. These

are the abscissas of the response histogram.

Determine the probability of occurrence associated with each rck 3

or Pck , by summing up the probabilities associated with tlm

response per Inter_ml width. _se are the ordinates of the

response relative frequency histogram. They are converted to fre-

quencles by multiplying by a number of trials. If not multlplied#

tl_n we l_va a relative frequency histogram.

Plot the centroidal response values, rck , and the associated

probabilities, Pck • This will yield a response relative frequency

histogram which is properly weighted relative to the probability

density functions of the initial variables involved.

A distribution curve may now be fitted by statistical regression

a_alysis which is the distribution of thQ dependent variable.

The Monte Carlo technique may be applied to any combination of distrl-

butler. The accuracy increases as the number of intervals chosen for the

probability density function of the variables is increased, and as the

number of the calculated response values is increased.

Su_ry

In this chapter eight _ethods for attacking problems in the study of

functions of random variables have been presented. These are:

I. The Algebra of Normal Functions Y_thod

2. The Change of Variable Method

3. The Moment Generating Function .Method
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4. The Fourier Trm,si'o_, Convolatior b and Inversloa Metl_d

5. The M_lltn Transform, Convolution, and Inver_ioc, _sthod

6, Tl_ Characteristic Fu_ictlou Hethod

7. _!_ Cumulative Distribution FtmctioLt IIethod

8. The ,xbate C_rlo Method

It ca_mot L_ grated cate_orlcally tlmC one motl_d 18 to "be £avored over

all other_. Tt_ Al_ebra of l:omual Pu_:ctlon_ _thod has the advantages of being

cosy and utraight£ot_ard_ a_Id the dlsa_h/ae, tage3 of treatlng o_ly :_ormal £x_nc-

ties; uu:] of bel;,_ Inexa.et exce?L for the au_ and dlfferettce. The chan_e of
variak!e me.C..'._od_moment ceaeratlnZ ' fu:Ictlon r_etbod, c|mracterlstic funct!on

method_ mud cu_latlve diotxlbutloll fuact.[ou .method ntay yicl_ t_o-_ results in
m cases but may become Involved and c'J_hcrt_x_ it;otk_g- ca_a.

Tim t_ _etLods_ l-_111n and Fourlar trausfot_n_are t_str£c_@d respectively
to tl_ product and quotient £or the _llln transfotnn me.tied and to the sum for

t!m Fourier tra:t_o_ t_._tl-_d.Tl_ methods are very p_erful for che_e partlc-
ular caso_ especially wl-_n it is aoCed ti:s_.:caa be l'.andJ.edby mmmrieal tech-
ulqueo z_la_n tt_y fail to yield closed solucio::s.

The ,xlo_te Carlo r_thod will aluayo ¢jive an aam_r, even for coa_p,lex £unc-
tlons o£ noa-ldeatically dl._cributed tendon var_.ables, _'his_ in vle_: o£ the
present _taCe st tl_ art o£ tl_ otI'_r _atl_ods dlscussed_ _ml_s Its very Power-

ful and valuable tool. It dooo_ |_a_ver, require the use of a digital computer
and can thus Le n coetly metta_d.

Socao appllcatloas o[ these me-tl,ods; and oo_ae interesting; roou!ts z_hich ares
tl_ught to be of _orCa_ce in the _tudy of functions of random _arlab!es £or
atructuz-al applications are mutlo_ed in the n_xt chapter.

g_-_reproduced{tom
Lbes,available copy_
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CHA_ER 2,6

£O_.[E SIGNIFICAh_ PJ_SUI._ POR

_PJJCTUP_ APPLICATIONS

In troduc tion

Some interesting results Imve come to light _hich promise to be of impor-
tunes to structural reliability theory. These will be discussed below. These

results, which _md not ccx_e to the authors' attention before the start of the

present study, represent a first step into areas which h_ve zwt been h_retofore

utilized in colvlng structural reliability problems.

t_e will begin by di_cusoing so_ results to= the normal fuuction, th_z

£unctlons of other dlstrlbutlo_-Js will be taken up.

Ratio of No_l Varlables
/

Kaugen's Algebra of Normal Functions (17) assumes that tD_ ratio of t_,o

normal variables is normal. _I_ validity of this assumption was diGcussed

brie£1y in Clmpter 2.5. It is known d_t the ratio of two n0rma_ variables is,
in fact, _t nor_l.

For the ratio of two stan(_rd normal variables, N(O, I)_ Epstein (8, p. 377)
st_ws, by tlm _ellin t=ansform technique, that

h(y)= Z Z (2.6.1)

This is the Cauchy distribution.

l_nrsaglia (I0, p. 3) discusses the geueral problem of the properties o£ tl_
distribu tion

W" a÷X

where a and b are non-negative constants _nd I_ g are independent standard
normal variables, N(O, I). It can be seen that if .' = _/YI is the ra_io of

I Reproduced frombest available copy.
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two arbitrary normal random variables, then there are constants c I and c 2

such that c I + c 2 V'has the same distribution as U, Thus tl_ study of equation

(2.6.2) suffices for the general ratio Xl/Y 1,

Startln z with the bivarlate normal distribution and using the cumulative

distribution m_thod, described it, Chapter 2.4 of tSis sectlon_ _rsaglia develops

an expression for f(t), the p d f of W, or

-0.5(a2+b2)

o _ _(q) _(y)dy (2.6.3)

where
b÷at

q m _ _ and

I + t 2

is t]m standard tmrmal pd£

This equation mus_ be Qvaluated nu_rlcally, and soma resul_$ of com_ter

rime are slm_m in Figure 2.3. This Figure is a_apted from (lO, ?. 5). Note

that the quotient of t_o :_rmal varlable_ is act_ally blmodal in some cases.

Figure 2.4 (I0, P. 6) shows that the division between the unimodal and bimodal

distribution result depends on where the point (a, b) lles.

Produce of n _ i0 Independent ,Random

Normal Variables l:x Series Form

Sprln_r and Tl_son (7, p. 36) derive a result for the product of n

normal random varlables_ for n • I0. The Nellin transform method is used for

solving this pL-oblem, and the inversion is accomplished by use of a digital

computer. The inversion integral is

A great de_l of mathematical ef£ort ylelds the result

I " I )----- In x2

n/2 (2 2)u(2_a_)

n-l-k
(2.6.5)

.+j)n Fn(s
ds k

s,,-J

where in = log e

!'

- am,=--___
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b+y
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A slz_ilar formAla (7, p. 47) is given that allows each of the functions

tO have a different standard devlatlon oI.

Theorems fur Fut_ctions

of the Lo_ormal Distribution

The lo_¢r_al distribution is an interesting one fur use in fu:_ctions of
raudom variables because it is one of tl_ sin_lest sieved distributions. The
1ognormal distribution enjoys the s_r_e reproductive propecties with respect

to multiplication and division tl_at the no_l distribution e_zJoys vith respect

to a_dltion and subtraction. That is to say_ t|_ product or quotient of two
lo_normal distributions is lognormml.

Presented here are theor_ regarding the distributions of £unctlons o£ the
logno_ 1 dlGtribution.

l. If X is t(_, a) tl_n I/X is g(-_,, a); (3; p. 10).

2. 1£ X is L(p, _ ) and b and c _e eongt_nt_ _-here c >0,

(say e = e a) then eX b is L(a + b_,, b a )j (3, p. II).

3. If X1 and X2 are independent L variables then the product

]_IX2 is also an L variable;

tf xz _ L(.Z,_, z )

and _:2 _ts L(_2 , s2 )

tl_n XlX 2 is L(_ 1 + _. ,_al 2 + a22); (3, p. 11).

4o

Xf _Xj] is a sequence of Ln_c_pen_ent L variates where Xj ts

L(pj, _j ), _bj_ a _aqu_nce of constants and c-eaa posLtive

constant, then pvovi¢_ed E bj_j and _ bj2oj 2 both converge_ the
J J

product c_x. bj ,_is L(a + bj2aj 2) (3, II)

S_ If X1 is L(_I, a I ) and X2 is L(_2, a 2 ), the ratio

L(_ - _2, _z _ + °22); O, p. _z).

Xl/X 2 is

II0
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6. If Xj(J = 1, ... n) are indepeudo]it L varlates _tth thc 3ame

par_ters _ and o" tlmlr geomctrlc mean (_ xj) I/n is

L(_ ,_)_ (3, p. 12). j=1

7. If X1 m_d X2 are cwo positive independent variates such that

XIX 2 Is L variata then both XI and X2 are L varlates.

Product and Quotient of _o
Independent Rnndom _ Variables

Springer and Tl_xnpson (7, p. 49) utillrm the Hellln transform to obtain
the £oll_ng results.

The gamma raadomvariable is characterized by tl_ p d f

'# -x
X •

_(x) - _----

i

m 0 else._hero

The Hellin trans£orm is

(2.6.61

)[(f(x))- _(_+ l) - (2.5.7)

Ttnus th_ l_Ilin trnL_sform o£ tl_ pk'Oc_t l) = XlX2, whore X1 and X2 areidentically cLtstributed_

H(g(y)) = - , 2

gCY') " _ 2_'-+_- Ko:(2y_) _ (2.6.9)

_here Ko(Y ) denotes Bessel's _uacllon of the second kind. "

Proceeding lu e-similar fashlon# the p d £ h(y) _or Y - X1/X z is shown
to be (7, p. _,9)_ i£._ and X2 are identically distributed.

111

!

: )

ii r



Figure 2.5 shows a ploc of this function.

i

i 112
!

_morems fear t:l_e Beta Distribution

Some useful properties of the beta distribution have been shown by Jau_bu-

nathan (9). Z_e beta distributiou seems to have potential apFllcatiot_ in

structural reliability theory (Chapter 2.2), so that results for it are of

interest :

lo

o

If :( is Bl(a , b), and Y is Bl(a + b, c) then XY is Bl(a , b + c);

(9, p. 402).

If XI, X2, ... X are p independent B 1 random variables withP

parameters (ai, bi) for i = I, 2, ... _ p, and if ai 4- I = ai + bl

for i = I, 2, ... , (p-l) then the product XIX 2 ... X is Bl(al,P

b- £ bl) ; (9, p. 402).
i_l

. If U - (I + Y) / (I + X), a_,d if U is B I (b-d, d) while Y is

B 2 (a,b) then X is B2(a + d, b-d), provided that U and Y are

independent (9, p. 403).

A brief mention will be made of some other works which were not included

in the main part of this report because they were not thought to be quite as

significant as the ones detailed above.

LeCam (42) discusses the distribution of sums of independent random

variables. In addition to their results mentioned above, Springer and

Thompson (7) have given results for products, quotients, and geometric t_ans

of independent random normal variables, in closed fo_m; products, quotients,

and geon_tric means of independen_ random Cauchy variables, in series form

for general n , and in closed form for n = 10; products of n m 2,3,6 indepen-

dent random normal variables in tabular form; quotients of gamma, rectangular,

and Cauchy independent ra:_om variables; and "mixed" products of n = 2, namely,

a rectangular - Cauchy, a rectangular - gan_a, and a rectangular - norn_l pro-

duct.

Marsaglla (I0) in addition to his work presented above, gives a solution

for ratios of sums of unlfo_a random variables, that is,

y Z

UI+ ... + U n

VI+ ... + Vm

Donahue (43) discusses general exan_les of applied proble=s involving

products and quotients of random varlables_ discusses general _heoretical

I
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=_dels for determining the distribution of products and quotients, gives
results pertaining to products and quotients of random variables which

generally occur as measurement error, gives limiting distributions and

asymptotic results, and has a very extensive annotated bibliography.

DeZur and Donahue (44) discuss integral equation solutions for product

and quotient of independent random variables, and also discuss the product

of two (not necessarily independent) normal variables. They report limited
success in their effort.

Shah (5, p. 2) discusses an application of the lattice distribution

(a discrete distribution) in describing the fatigue life of a part.

All of these works contain interesting material which should be explored
further.

Other distributions are also mentioned in the literature. The work of

Gumbel (21) on the extremml distributions has some mention of fatigue life

problems. The double exponential distribution is mentioned by }|ayes (6,

p. 121) as best describing wind loads on a structure. Freudenthal, Garrelts,

and Shlnozuka (16, p. i00) and Shinozuka and Nishimura (45) discuss general,

or aeries, representation for distributions. This approach shows promise for
numerical techniques.

/

Summary
!

Here we have presented some of the more interesting and promising func-

tions of random variables which were uncove_'ed in the literature search. _ot

all of them are presented; references to other results may be found by con-
sulting Tables 2.1 and 2.2.

Several mathematical methods have been discussed in this section, and all

of them probably have some future In the study of functions of random variables

for structural application. The Fourier and Mellln transform methods stand

out as particularly valuable tools for dealil_ with sums, differences, products,

and quotients, because they can be evaluated by numerical methods when they do
not yield closed form solutions.

The I_onte Carlo method also stands out as being an Important method which
will always provide an answer.

Results which apply to structural reliability have been found, and =he back-

ground ha_ been lald for further work in this area. In particular, the results

for the quotient of two normal variables (i0), the product of n = i0 nomnal vari-

ables, (7, p. 36), several useful theorems for the lognomc_al distribution (3),

and some _ork on the product and quotient of ga_mm variables, (7, p. 49), have
been found as well as some theorems for the beta distribution. The above

techniques aad results give =roch hope that the problems involved in structural

reliability ca_, be solved for distributions that are not normal as well as
for those that are nor_ml.

best available copy.
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I TAI3LE 2.1

DISTRIDUTION, _I:ON O? DISTIIIBUTION,
A_ 3OUI_CE REL_LE,_E

2. Lognonaal

3. Gamma

4. l_ta

5. Mixed

6. l_oduct and

quotieuts of
mlscallazmoua

i}

7, General denaity
£unc tions

a. Ratio of two independent
Normal

b. Product o£ u • 10 independent
Norm1

e. Sma and differe:_ce
d. Geometric meau

e. General product and quotient

a. 1/x
b, cXb

c. X l.-X;_

e. X i

_. ,_-,r,xj)zl"

a. X1 • X2

b. Xl/X 2

o. X'Y

b. xix...Xp

(7)
(zT), (30)
(7)
(_), (_),
(43),(44)

(3)

(3)
(3)

(3)

(3)

(3)

(7)

(7)

(9)
(9)

(7)

(16), (45)
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TABLE 2.2

_,TI 'I_TIC_L _-_T_0D$ USED IN TItE
8TLtDY OP FUr_TIO_ OF RANIX_ W.RIABI//

AND ._,OU._CE P_-FEPJ_NCES

I. Algebra of Noxmml Pu_ctions .

I m,E_cEs -

..... ,.. (17), (1_), (:9)

2. CI_ange of Variables ............ (zz), (12), (13), (2s),
(3o), (37), (43)

3. 14o_nt Generating Futmtion .......... (3), (11), (12), (13),
Oo)

4. FourierTransfo_ .............. (7), (35), (36), (33),
(39)

/

5, Mellla Trans£om . ............ (7), (s), (_5), (39),
(40), (4u)

6. Characteristic Punction ........... (3), (41), (43)

7. O_nulativa Distribution Function ....... (10), (43)

8. Monte Carlo ..... . ..... • • • • . • (50), (51), (52) i
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CH/_PTF'_ 2.7

CO_C_JSIONS AND _ATIONS

Coaclu_lons

Aa a result of this study, th_ following conclusions are drawn:

I. _t-_tlcal _ethods for handling inactions o_ ra_om varlables .

for structural _ellabillt_ applications do exlst.

2, So_e resulcs which will be uoeful for structural reliability

application,s h_ve been found, and application of tl:e mathematical

tachnlquos which hava been d_scusscd above should yield oilers.

3. The Fouri_ transform, convolution, and inversion method is vet'),
p_'omisi,_ for s.ama Of In_peudetlL random variables.

4. The Me11_n trans£orm, convolutiou, mld inversion method is very

promising for prodscts and quotients of indep_nden_ random variables.

5. The c}mnge of variable metl_d wlll be lira/ted but may be useful for

some functions, provided t/fat tim functions atld transformations ore
not too co_plica£ed.

6. Tho _ment gelterat£ng function ,mtl,od and the characteristic function
met]od may bc useful in ccrtal,a caoes.

7. TI,_ cu_ulatiVe d_strlbutlon function met._od may yield some r_sults
for slm_ler flulctions_ _)uch a_ y m 2X, etC.

8. T]_ A_geLra of No_.-aal Fu_c£ions }_tho.l _m_Z _'ov£de th0 best met_d

_or engineers to e_tlmate structural reliability without resorting

to tlme-consumlu Z and costly computer etudlcs. The approximations

involved in the AiEebra of L'on_l Funct_or:s _ be clo,,;e enough to

_he true dlstribu_ions involved in most structural reliab_llty pro-

blems to form the basis for a good structural rellabiliuy estimate.
The conjecture must be investigated further.

9. The Monte Carlo Metl_)d provides a very flexlble and powerful tool
for wet% in thls area.
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Reco_nd_ tlot¢

.!

The follo,_Ing reco._nend_tlons for future efforts are made:

lo l_:plore the Fourier trnn_form _nd M#ellln tran._form methods to

develop f_111y their u_etaalne_.q for functtoc0 of random variables

_or _truct_,ral rellabillty applications.

2. Furtlwr elF.art should be made to develop re=ulta for functions of
di_trlbutions Duch as:

1. ,,etbull

e

Few re_Its were _ound 2or tl_se dlstributlons 3 and they are of

potential ir_ort_nce lu the are,a oi2 Structural rellabilit 7.

Other fm_tions of, random v_rtobles such as Y _ lnX, Y - eX,

Y - s_mX, etc., should be inve_Ig._ted. The_e _11 eventually be
necessa_-_, foz- _tructural reliabllity _rk, although the sum_ pro-
dt_t_ quotient_ and dtf£erenee £o_ a uveful beginning.

4. Other distributions should be t,tve_tlgoted further_ m_mely:

I. _erie_ _pre_entation

2. t_.:tre_l

3. Double Expouentlal

4. _tlce*

'_he applicability of these distributions to structural reliability

should be studied, and_ if they ara thought to be applicable, func-

tlons o£ them should be developed,

5. Furtl,er effort sl_oul<'be e}T.ended in aa attempt to Justify the use

of vatious di_tributio_xs on a physlcal_ or pbe_nomenologlcal basls_

A dlscrete distribution (5).



Co

O

_O

_o

rather than on the basis o£ best fit to data.

The question of w_'_t is an in('ependent and _nt is a depe_dent

random variable i_ stx_ctural reliability clzeory sl_>uld be

examined closely 3 and care sl_uld bQ taken to apply reoults for

fuuctions of random variables properly 3 beoed on whether the varia-

bles are independent or dependent.

Function= o£ random variables for mixed (not identically distributed)

dlstributions_ _uch a_ tP_eproduct of lognor_l and normal dlotri-

butions, should be studied. Results which h:ve been found for
such studies do not soe_ to be too important to structural relia-

bility (7).

The accuracy of the approximations used lu The Algebra of Normal
Functions, and its value ae a rapid and practical method to eGti_te

structural reliability _llo_id be _osessed aud eyaluated. (See

The _onte Carlo _ethod should be developed extensively for solving

problem_ in the functions of random variableG.
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(_%FT£R 3.1

INTRODUCTION

In the engineerinc application of the design by reliability

methodoloFj, one of the most difficult tasks may be the determina-

tion of the actual strength and stress distributions involved.

In this Section we wish to consider two methods for determining
realistic values for strength distributions. The first method

involves the use of functions random variables, as discussed in

Section 2. Examples of this method will be the Algebra of Normal

Functions and the Monte Carlo technique. _e second method will

be that of direct experimentation. The appropriate failure

governing strength distributions can be generated directly by

experimental means. Such an experimental program is now being

conducted at The University of Arizona. Finally, a discussion

of the use ef modifyin_ factors to relate laboratory tests to

actual parts in service will be given.

This entire area of determining the actual stress and

strength distributions, where such distributions are considered

to be the result of applying the methods of functions of random

variables of the engineering parameters involved, is an area in

which much work remains to be done. Furthermore, there is,

indeed, a great need to sell this methodology to practicing

engineers, government, and management, so that it will become a

standard procedure to think of design as a problem in functions

of distributions rather than one of single values.

i

-i
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CHAPTER 3.2

S_%ENGTH DISTRIBUTION DETERMINATION BY

FUNCTIONS OF RANDOM VARI.A_ES METHOD

!

II

1

Frequently in engineering practice, it becomes necessary to
estimate the fatigue strength of a part going into service. This

is currently being done in a conventional manner by methods similar

to those discussed in Section I. Let us now consider the design by
reliability approach to this problem using the Algebra of Normal

Functions method with the following example=

ple_ _.I.-A round rotating member shown in Figure 3.1 is
loads in such a-way as to be subjected to a reversed bending moment,
M. The fatigue strength of the part is given by

_sre I

Se = endurance limit of the part in service

S' - basic endurance limit _ the material
@

I

!

I

!

I

ka " surface finish factor

- size factor

For a design life of greater than 106 cycles, the strength distri-

bution can be taken as time invariant. If the design life of the above

member is 10 7 cyclesp we can calculate the fatigue strength of the members

(f(s) in Figure 3.2), using the Algebra of Normal Functions method as

follower Assuming the independent variables in the above equation are
nonmally distributed_ their distribution parameters are taken to be

_' " 80,000 psi, _ " 6,bOO psi
e S'

e

| -0.70,%a "0.05

_b = 0.85, _ = 0.09
b

The method of Algebra of Normal Functions has been described in

Section 2. Using _quations (2.5.3) and (2.5.4) for the product_ we
have



I

[L: FIGU_ 3.1

I
!
!

L
1_ '

,r_
tD
O_

d

/

_(_)

0 ! __

10 3 10 4 i0_ i0° 10 7

M

)

CYC_'.._S TO FAILbU_

F_GURE 3.2 S-N DiASfL_I;!DEPICTI_D I_ DESIP_ STRK;GTH

DISTRIBU_ON f(S)

12_



and

- (;=) (F.b) - (o.7o) (0.85)

k--_ - 0.595

Vo.oo  

+(o.o5) 2 (o.o9) 2

or'

cka_ - o.o761

Further

- (k-_) (_). (0.595)(8o,ooo)

= 47p_)0 psi

and

f_tZS _

-_r(0.595)2 (6,bOO) 2 ÷ (80,000) 2 (0.0761) 2 ÷ (6,bOO) 2 (0.0761) 2
I

- (5z.687 x

#kakbS_- 7,z9opsl

Therefore, according to the Algebra of Normal PunctAons, Se is

normally distributed with

_e = 47pdOOps£

#S = 7_190 psi
6

=;
I
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Example 3.2.-Let us repeat Example 3.1_ but determine the distri-

bution of the fatigue strength by the Monte Carlo method. Using the

progrsn listed in Appendix A of this Report, the following parsmeters
result for the distribution of S s

8

Results of the Monte Carlo Approach

(lO0Otrials)

Mea n, psi Standard Deviationj psi Skewness Kurtosi._s

6,8 3 0.256 3. 5

These results compare favorably with those obtained by the Algebra

of Normal Functions method. We note that the strength distribution

resulting from the Monte Carlo approach is not quite normal, since the

exact normal distribution has a skewness of zero and a kurtosis of 3.0.

}_wever, the error in _proximating the result by a normal distribution

is not too serious in this case.

The Algebra of Normal Functions method, within the restrictions

listed in Section 2, provides an acceptable method for estimating

strength distributions and resulting reliabilities. A more accurate

estimate of the parameters of the strer_th distribution can be obtained

by using the Monte Carlo method, but this method demands computer time

and the resulting expense.

!

!
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3.3

FINDING THE FATIGUE STRENGTH DISTRIBUTION

BY DIRECT EXPERIM32_r

In some cases, it may be very difficult to come up with good

estimates for the means and standard deviations of the fatigue

strength and the modifyir_ factors, due to lack of test information

and/or engineering experience with the particular application

involved. In such a case, it is necessary to conduct a test program
on laboratory specimens. The steps required to conduct the tests

and analyze the resulting data so that they result in the desired

strength distribution will now be explained. Such a test is now
being conducted at The University of Arizona. It is believed that

such tests and data analysis have not been conducted elsewhere.

Therefore, the method will be explained in detail.

Suppose that it is desired to find the strength distribution

for a part, such as that shown in Figure 3.3. Details of the

loading, material, and desired life are given in this figure.

Due to lack of experience with this material in this particular

condition, and with this type of loading, it is desired to conduct

a test program in order to determine its true strength distribution.

It becomes apparent at the outset that testing machines capable

of testing large quantities of 2 in diameter bars are rare, if not

non-existent. So the first requirement of the testing program would

be to design a test specimen w_ich is smaller than the actual part, but
which reproduces as many of the essential features of the actual

part as possible. This can be done by scaling the specimen down,

but retaining the same stresses, stress concentration factors, stress
ratios, and material conditions.

With a fairly large number of such specimens on hand, the
testing program would proceed as followsl

First, about 120 specimens are run at various stress levels and

an S-N diagram is prepared by generating the life (times-to-failure)
distributions at these various alternating stress levels. Notice that
for this part

and

so that

Sa 1 25,000psi

Sm 1 12,500psi

sa . 2_= 2

sm 12,500
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STRENGTH DISTRIBUTION IS DESIRED
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V

This same stress ratio mustbe preserved in testing the specimens.

_e resulting S-N diagram is shown in Figure 3.h.

Once the life distributions have been found for a particular

stress raLio, they can be converted to the strength distribution at

any desired llfe by a method which is depicted in Figure 3.5. The

cumulative histogram is formed as a cumulative per cent of specimens

failing at each stress level. From this cumulative histogram, the

strength distribution can be found by conventional statistical methods.

It must be emphasized that this is the fatigue strength for one

particular life and one particular stress ratio only. This is

emphasized by the plot of the Goodnan strength diagram for 10 5 cycles,

shown in Figure 3.6. The fatigue strength distribution for 8a/_m - 2

and 105 life cycles is shown in this figure. Also shown are distri-

butions which must be found in order to complete the Goodman fatigue

strength diagram. These distributions can be generated by repeating

the processes described in Figures 3.4 and 3.5 for different stress

ratios, such as

;'---" O, 1/4, 1/2, I, 2, 4, O0

It should also be noted that Ooo4man strength diagrams can be found

for life cycles other than I_ by repeating the process described in

Figure 3.5 at different llfe cycles, but for all stress ratiosexcept for stress

ratio O, which corresponds to the static ultimate tensile strength of the-specimens.

The University of Arizona's fatigue testing machines, which are

described in detail in Section 6 of this Report, are now being used

to cons hruct such Goodman fatigue strength surfaces for SAE h3_O

steel, treated as described in Figure 1.3.

It is of interest here to estimate the number of specimens

required to establish this fundamental property of a material. The

minimum number of specimens recommended for each stress level of an

S-N diagram is twenty specimens (I, p. 39). Let us say that 18

specimens is an absolute minimum. Referring to Figure 3.5 and Table 7.3, h to

6 stress levels need to exist in order to determine the strength

distribution at a particular life cycle. Examining Figure 3.6,

it seems that to establish an acceptable Gooc_an fatigue strength

diagram, at least 6 distributions at a specified life cycle but for

different stress ratios would be required, plus the ultimate tensile

!strength distribution, therefore, the estimated number of test specimens would
%

be the following :
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I For the specific case

I _ .o:_o
_a Design life: 105 cycles

l -''_ _a
'_:' i ' =1 -2
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I

I
I

I
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l

(5 x 18 , 30)
2 + (_ x 18 + 30) 3+(3 x 18 + 30)

L L stress ratios
2, I, and ½

stress ratios

ofeeand

endurance strength
run specimens

--specimens per stress level

stress levels required

+ 18 - 648 test specimens.

for static ultimate

tensile strength
distribution

stress ratio

of

On the other hand, if one is prepared to run a more extensive program in
order to determine the distributions more exactly, up to twice as

marjspeclmens would be required. In either case, a relatively large
number of specimens is the price that must be paid to establish these

distributions with good confidence. Nevertheless, the establishment

of these distributions is essential to the design by reliabilitymethodology.

The Particular problem that we set out to discuss was the deter-

mination of the fatigue strength for large diameter shafts. We are

now faced with the problem of modifying the results from the test

specimens so that they apply to large diameter shafts. This will bediscussed next.
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3.4

R_ATING RESULTS FROM LABORATORY TESTS
TO PARTS IN SERVICE

In the conventional design methodology, the laboratory tested

endurance limit is corrected for service conditions by a number of
modifying factors (2, p. 166) as follows!

Se" k  kckd--- S 

This equation can serve as a basis for the design by reliability

methodology if it is realized that Se# S' and all of the factorse----

ka, kb,..,_, must be treated as distributions rather than discrete

values. The main problem then becomes that of determining the true
distributions of the various factors.

One of the most important considerations for a testin_ program

is to incorporate as many factors as possible into the program itself.

Thus, in the example given in Chapter 3.3, the test program was set

up so that the factors for surface finish, temperature, notch sensi-
tivity, and heat treatmemt were eliminated by making their effect on

both the test specimen and the part the same. In this example, the
only factor necessary to relate the test specimen endurance limit

to the part endurance limit is the size factor (2, p. 167).

Now we wish to make some reasonable estimate as to the mean and

standard deviation of such a size factor. In the absence of specific
test information about this factor, some engineering Judgment must be

used. Shigley (2, p. 168) gives a figure of I0 to 15 per cent reduc-

tion for a 2 in specimen in bending. Let us pick for our 3 in speci-

men a mean of 15 per cent, a lower value of I0 per cent, and an upper
value of 20 per cent. In the absence of specific info_ation to the

contrary, it is customary to take such estimated distributions as
normal, with 6 • limits, so that

= 0.85

end
6% = 0.20 - 0.I0 = 0.I0

or

= 0.0167

Now this distribution of _ can be combined with the test results

to determine the final distribution of Se for the part. Let us assume
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for illustrative purposes that as a result of the above-described tests,

the fatigue strength of the tes____tspecimen could be estimated by

E' = 40,000 psi
e

@S " 4,000 psi
e

Now we will use our estimated distribution of the size factor _ to

correct S' to the conditions of the part in service. This can be
@

done by the Algebra of Normal Functions method_ where

- 4o,000x 0.85

We " 3_,000 psi

and

_S " 3,480 psi
e

+ (0.0167) 2

A Monte Carlo solution to this problem by the program in Appendix A
yields _ne following parameters (for 1,000 trials);

S  ard psi ske ,ss Kurtosi?

33,887 3,566 0.0497 2.778

Again the Algebra of Normal Functions and the Monte Carlo solution

are in good agreement. Also again, the normal approximation involved

in the Algebra of Normal Functions shows good agreement with the Monte

Carlo solution. Zuat is, the Monte Carlo solution shows a skewness of

0.0497 and a kurtosis of 2.778 which are pretty close to those of the

normal distribution of a skewness of zero and a kurtosis of 3.000.

Proceeding in this manner, and also in the manner of Exanple_3.1

and 3.2, any number of distributed factors can be incorporated. The
problem again lies in determining the true distributions of such

factors. This again serves to point up _he need for accumulating
statistically significant anounts of data regarding these factors.
This sort of effort must be reserved for further research.
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•In the above examples, it might occasionally be possible to use

some of the more sophisticated techniques described in Section 2,
for example, if the product of lognormal, or the product of n

standard normal distributions were involved. It must be stated at

the present time, however# that, considering the nature of informa-

tion available to the designer about the distributions of engineer-

ing variables, the Monte Carlo method and the Algebra of Normal

Functions method provide the most expedient solutions. The Algebra
of Normal Functions method must, of couroe, be applied within the
limitations given in Section 2.

Determining Strength Distributions

From Published Data

In a few cases, it may be possible to determine failure governing
strength distributions directly from published data by using the method

described above. If enough data is available from these tests in terms

of cycles-to-failure at various stress levels, and if the data is for

test pieces which are similar to the part being designed, then the data

can be converted to the desired strength distributions. Unfortunately,
it is not often that such data is available.

State-of-the-Art in Present-Day
Design and its Relation to

Design by Reliability

A representative discussion of present-day design methods and their

relationship to the design by reliability methodology is in order at

this point. It has been mentioned that the modifyin_ factors which

appear in Equation (3._.i) are usually presented as discrete values_

and thus they do not directly supply the information needed for design
by reliability. We shall now consider some examples of how these

factors are currently found and point out how they ms_ be used for
desizn by raliabili_.

Size Factor.-In Figure 3.7, Lipson and Juvinall (3, p. 109) present
a char_factors, _, vs. specimen diameter. Note that for

bending and torsion a range is given. In conventional design, one

usually uses an "average" _ of 0.85. This chart can be adapted

to structural reliability by making an estimate for the mean and

standard deviation of _. A normal distribution can be assumed with

the mean of _ taken as the middle of the range, and the range can

• be assumed to cover 6_.
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Surface Finish Factor.-A graph such as that shown in Figure 3.8
(3, P. i_Ii) is typical of_those used to present the surface finish

factor. In this case, the surface finish factor (for steels) is
found from an appropriate knowledge of the surface condition and

tensile strength (on hardness) of the material. In the absence of

large numbers of tests on a particular part, this graph is about

all the information which the designer has. For purposes of relia-

bility design, this grsph represents only a starting point. Faced

with this situation, the desi@uer will probably have to assize a

normal distribution, take the value from the graph as the mean,

and estimate the standard deviation on the basis of experience and
Judgment.

Shot-Peenin_ Factor.-In Table 3.1 (3, P. 141), the percentage

increase in endurance_l_it for a number of steels is presented.

These can easily be converted into shot-peening factors for oonver_

tional design. For reliability design, however, these factors are

not too useful, and, again, about the best the designer can do is

assume a normal distribution, use the given value as the mean, and
estimate the standard deviation.

Co_ldRolling and Cold Stretching Factor.-Table 3.2 (3, P. I_2)
gives the percentage inc_rease in the endurance limit of steels due

to cold rolling and cold stretching. 11_ese can also be converted

to "factors" for conventional design. The situation for reliability
design is the same Incomplete one as mentioned before under shot-
peening factor.

Quenc nc   e-Hardeni Factor.-Figure3.9 (3, p. 149) shews
the effects of quenching and _ame-hardenin_ on the endurance limit of

a particular steel. Such a figure may be used to compute modifying

factors for conventional design. The situation for reliability design
is the ss_e incomplete one as mentioned before.

Corrosion Factor.-Table 3.3 (3, p. 152) permits the oc_putation
corr6ctlon factors for a  Ical steel. From a

reliability sta_int, the approach would be the same as previously
mentioned.

Flatir_ Facto r.-Table 3.4 (3, p. 152) permits the computation

of co_ional correctlon factors. Again, for use in design by

reliability, the above-mentioned estimates and assmuptions would
have to be made.

The above exsmples are representative of the information avail-

able for the conventional design approach. A large ntmber of

references, for example (4 through 16), are available for estimating

these factors for almost any design situation. However, from the

design-by-reliabillty sta_oint, these factors leave a great deal

to be desired. Much work now remainsto be done in order to present
these factors, not as slng_le values, but as distributions.
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TAHLE 3.1

EFFECT OF SHOT PE_ING ON _DURANCE LIMIT -

_a_ _e!_ _

SAE 1020 Steel

SAE 1045 Steel
SAE 1050 Steel

SAE S_340 Steel

Ni-Cr-_ Steal

Alloy Steel

Alloy Steel
SAE 1020 Steel

SAE 1045 Steel

Rail Steel

0.65 C Steel

SAE 1095 Steel

Ni-Cr-Mo Steel

NE 9470 Steel

NE 9240 Steel

NE 865O SU_el

NE 8650 Steel

NE 8650 Steel

_o steel

Phosphor bronze

Beryllium copper
S-SI6(Co-Cr-N±
Base)

18-8 Stainless

13-2 Stainless

Treatment Prior

SPECIFIC TEST VALUES (3, P. 141)

Surface

Prior to

Shot - P_e_

Plate As- rolled Polished

Plate Normalized Polished

Plate As-rolled Polished

Standard Quenche d-and- Polished

drawn

Standard Carburized Polished

Bar Hardened Polished

Bar Hardened Machined

Plate As-rolled Ho L-rolled
Plate Induction Not-rolled

hardened

Rall As-rolled Hot-rolled

Wire As-drawn Hot-rolled

Wire As-drawn Hot-rolled

Standard Carburized Hot-rolled

Standard Carburlzed Hot-rolled

Standard Carburized Hot- rolled

Axle Quenched-and- As-forged

tempered
Axle Normalized-and- As-forged

tempered
Flat bar Quenched-and- Severely

tempered ground
Shaft Quenohed-a_d- Chrome pla_ing*

tempered

Co_epr_

_sp_

* Shot peening performed before chrome plating.

Percentage
Increase in

Endurance Limit

9
11
22
18

2
23

50

42

23

100

90

hO
8O
8O

70
50

145



TAHLE3.2

i_'FECTOFCOLDRaLLIIK}ANDCOLDSTRETCHINGONENDURANCELIMIT -

SPECIFIC TEST VALUES (3, P. 142)

Material

Surface

Treatment Prior Prior to Cold
Percent_e
Increase in

Endurance Limit

s_ lO55
SAE 1045

s_ Io4_

SAEI0 
SAE ioh5
SAE 1045

I050
J,1 Ni
0,35 O

0,20 C

Alloy steal

Alloy steel

Alloy steel

Bar Normalized
Bored Quenched-and-

tempered

Bored Quenched-and-

tempered
Bar Normalized

Notched

Notched
Press fit" Normalized
Press fit Normalized

Thread Quenched-and-

%Qmpered
Bars Ho_..rollod

Shaft with Noz,mallz ed- am:l-

fillet tempered
Shaft with Normalized-and-

fillet tempered
Shaft with Quenched-and-

fillet tempered

Polished

Polished

Polished

Machined

Machined

Machined

Machined
Machined
F_ohined

Hot-rolled

Polished

Polished

Polished

6

27
i2o
52

150
I00
33

67
68

56

3o
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TABLE 3.3

EF_T OF FRESH WATE_ CO_OSION ON ENtiCE LIMIT
OF A TYPICAL STEEL (3, P. 152)

Treatment

Endurance Limit Endurance Limit

in Air in Fresh Water

__ Psi psi

Uncoated 31,000 15, 500

Copper plated 28, 000 28,000

Nickel plated 23,500 23,500

Chromium plated 33,000 33,000

Percentage Decrease
due to

Corrosion
P, r , |

0

0

0

TABLE3.4

Steel

Cr-Mo-¥
Or-Mo-V
Cr-Mo-V
Cr-Mo-V

Cr-Mo-W

SAE6130

SAE 6130

SAE 6130

SAE 6130

S_613o

SAE6130

FATIGUE _H OF CHROMIUM PLATED PARTS (3, P. 152)

/

Endurance Limit

Pez'centeg@

Plating Decrease
Thickness due to

..... _reat,_nt .,, in. , _

None 74,000 O

Plated 15 hr. O.OO15 68,000 8

Plated 8 hr. 0.006 64,000 14

Plated 8 hr., tempered 0.008 31,000 58
25oOc

Plated I hr., tempered 0.0015 62,000 16
250oc

Normalized, not plated None 33,000 0
Normalized, plated O. 00018 30,000 9

Normalized, plated 0.0045 32,000 3

Quenched-and-drawn, None 65, 500 0
not plated

Quenched- and, drawn, O. 00015 38, 0OO 57
plated

Quenched-and-drawn, O.0045 _I, 000 38
plata
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As a preliminary step in this direction, we should point to the

work of Haugen (17) who has reported strength properties of metal

alloys in statistical form, giving the means and standard deviations

of reported data. Studies have to be conducted to determine the true
nature of the underlying statistical distributions to this data and

then to detenmlne the true parameters of these distributions.

DISCUSSION

In the design problems worked out in this Section, the strength

distributions have been taken as normal. Although this is a practice

used in structural reliability, it is not strictly accurate in many

cases. The assumption of the normal distribution is customarily

made for two reasonss

(i) Lack of sufficient data for making a better
decision as to which distribution to use.

(2) The ease of working mathematically with the
normal distribution.

It should be pointed out that there is really no basis, in many

cases, to Justify this assumption. One of the areas in structural
reliability which needs thorough research is that of determining the

true strength distributions and their parameters.
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This Section has provided the engineer with the basic tools,

both analytical and experimental, for determining the failure-

governing strength distributions of parts in combined-stress fatigue.
In the next Section, we will provide a parallel discussion for the

case of determining the distribution of the failure-governing stress.
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SECTION 4

DETERMINATION OF FAILURE

GOVerNING STRESS DISTRIBUTIONS
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CHAPTER 4.1

The problem of de_ the failure governing stress is _ala_ous to

the proble_ of det_mlning _he fail,Are-coverning stren_ch. _b_e_er, instead

of determining _at_rial properties and factors for modifying these properties_

are now co_d with det_rminir_ dlst_ibutions o_ load_, _io_s,

load factors, stress concen_ra_ factors, etc., for the psrt in service.

A_&In, the realistic d_t_ir_tlon of _ dist_i_tlons ma_ be difficult,
aince most o£ _ are cc_ao_1_V reported by their me_ value only, or, at best,

as a r_e of minlwm_ to max_au_ values.

Once their distributions are determined, their r_n_hesls _u_o the failure

gov_ stress As accompl_ed by the s_ technlq_s as those descrlbed in

Section 3 for sy_besi_i_g t_ failure gov_ starch distribution.

In this section _e _ indicate how the _sineer can determine in

_actlce the distributions for the various loads_ di_enslons az_ factors and

then sy_th_si_e them into the fai_e _over_ stress. An exa_e _ al_o

be given.

LOAD D_IONS

As was _e_tloned in Soctlo_ 2, e_ so sim_le a failure go_ stress

di_trlb_tion as

s = P

requires that the load distribution, P, and the area distribution, A, be
known in order to treat s as a distribution. Therefore, in any structures

problem, one must first determine values for the distributions of the loads

acting on the part. Estimates of the loading distributions may come from

many sources, among them are :

i. Instrumenting actual parts in service.

2, Instrumenting actual parts in the laboratory.
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3. Instrumentln_ and test_r_ test speclmens, _ch
Bi_ulate the part, in the laboratory.

Obtainlnz field service data on existing similar

equipment and ad_uating the results to those to be

expected on the actual parts.

5. Usin_ engineerln_ Judgment and experience.

Again, it m_st be stated that to find today actual test data in

mafflcient quantity and accuracy to make a confidant decision about the

"correct" dist_ibu_ of load8 luvolv_d (and their parameters) would be
the exception rather than the rule. Therefore, in .many cases it will be

r_cessary to rely on en_ine_in_ Judgment and o_oerlence An order to
make a realistic estimate of the load distributions.

ER h.3

ZE_I_ DISTRI_rIO_

Usually it is not too difficult to make realistic estimates fc_rma_"distributions of d_mmaaloas. In the absence of quality control info
%io_ and datao it Is cus_ to _ that the distribution of a

dimer_ion, such as the diameter of a shaft, is normal, and that the

tolerance of the distrib_tlon spans 6 standard deviations. Thus, the
dimension 0._20 in to 0.500 in. would be assumed to ha_ a normal

distribution with a mean of 0._i0 in, and with a standard deviation of

-  o. 2o 0.50o). o.oonAn.

Sometimes a much better estimate can be made, based o_ data from the

_allty Control D_partment. _ecords may be available on a large number of

similar parts _ich have been manufactured by similar procesee_.

It is, of course, impossible to obtain actual dimensions from the

manufactured part _dle the _._ is at the design level, bat it is usually
poasihle to make a good estimate of the distributions of the important
dimensions of the part.



CHAPTER 4.4

LOAD FACTOR DISTRIBUTIONS

The distributions of load factors will probably be difficult to

obtain, since usually these are reported as mean values only. If

enough test data is available for statistical analysis, this method

can be used. If a range for the factors is given, then a 6o limit

can be assumed to cover this range. In many cases, engineering experience

and judgment will have to be used to estimate these distributions.

where

By definition, the load factor, kI

P
a

kI = _-
s

is given by

P " actual load
a

and P = static load
s

Here the distrlbutions of P and P will have to be determined, or

f(Pa ) and f(P=) respectlvel_. Subsequently the distribution of k ef(kl )can be determined using the techniques dlscussed in Section 2, for _h

distribution of the quotient of two random variables P and P .
a s

CHAPTER 4.5

DISTRIBUTIONS OF STRESS CONCENTRATION FACTORS

Ordinarily, stress concentration factors are reported as mean values

only. However, since the stress concentration factor can usually be

represented by a function of the geometry of the part, it may be possible

to make a good estimate of the distribution of the stress concentration factor

by treating it as a statistical function of the part's dimensions. Naturally,

the resulting estimate will be no better than the estimate of the dimensions,
but, as was previously mentioned, good estimates for the distributions of

these dimensions can be obtained relatively easily.
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ILLUSTRATIVE ELg_PLES

An example problem follows @_Ich illustratea s_me o£ the above

techniques.

_le h.l.-The stress in a member subjected to a bendin_ load and
havin_ a stress raiser, Fi_are 5.1j can be calcAlated from

Mc

S " K£--i

Kz = I +q (_t'l)

and it is the actual stress conc_atA_n factor.

In thla example the stress dlstrlbution will be calculated using the

Algebra of Normal Functions method. Therefore, the variables will be

assumed to be normally distributed, with the fol!owir_ parameters t

- 2 860 In-lb, _'M " 280 in-lb

- o.8o,_q - o

- z.ooIn.,_ - o.oIin.

In the equation for the stress in _he member in question

c - ,I/2

I - Zdh/6h

Thencefore ,.._t__-_t _

|

|
!
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Start_ _ith the equation for Kf we have

(2. o.so) 2 0) 2 ° (1.5)2(o) 2 (0)2(0) 2 o i
_Vi O'qKt, .= "+ _' + =

¢(q_..q)-_. o.o-o

_- _. c_)- _-o._,._._
_htch gives the final dietri_tion

_ow to eolve for the di_ibutlon of _3)

_3 . (dD3 . (z.oo)3 .z.oo

and

or

O'dn = n_n'lo- d

Cd _ - O)_2)(O.OZ) - O)(Z)3(O.OZ) - 0.0:_

and

(_) . r,,_a - _ _on - z _6o _

/

(_ : io,o_)_

i
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Bv,,l_

_3 • h _o

i = _ (Kr_/:) - _ Cnoio) - Lo 8o0_

- bo 8oo psl

i _ i

_r¢K._/_) . V ¢z'_)_¢_)_+ (_ e_o)_¢o)_+ (_)_¢o3 _
- ,_ u_- m _
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_ _ __oFor p_-_oass of co_ison, a Mont_ Carlo solution to the
s_e _=51e= gives the follo_n8 par_ters (Z_r 2 000 trial=),

Me_, _i stud Devlation, psi Skewness _urtosl.._.____s

t,o _6 t, ].97 o.o_2 _.9,,

This illustrates the good _reeme_t betw=en the Mon_e Carlo and the

Al_ebra of Norml Function- =ethod _ very sad/ variabilities are chose_

for G N and crd.

In det_rminin_ the failure governing stress distributioru= for other

cases, methods similar to those _iv_n previously can be used. In some cases_

the use of the =ore exact r_r_its for products, quotients, etc., of

dlst_ibutior_, as given in Sectlon 2, ai_ht be required. From the design

by rella_ilit_v standpoint, the Al_ehra of Normal Functions a_d the Monte

Carlo _ presen_ the =os_ expeditious approaches.

_P_,YTER 4.7

STATE-OF-IIZ_,-A_ IN PR_SE_T-DAY

IESI'_N A_ID _S _ION TO IE_YON

P._I,ZABXL_T7

Present-day design _ethods for failure governing, stress factors are

very similar to those for failure goverr_ sta_ factors. S_ch factor=

=re usu_ presented as dlscret_ values and do _ot directly s_pply the

InformatAon n_eded for design by reliability. So_e exam_e= of these current

method= are given next.

Stress Czmcentration Factor.-Many references exist _hlch give s_ss

concentration factors _or_var_ous configurations under various loadings (2-5).

Lipson and Juvlna31 (6, p.222) presen_ many charts for stress concentration

factors. An ex_aple is given in Fi@ure _.i. Here the stress concentration

factor is presented as a 8ingle value, for use in conventional design. For

purposes of desisn by reliabilitw, the value obtained fr¢_ the chart can

be assumed to be the _a_ of a nor_tl distrib_%ion_ and a_ _%im_%e ha_ %0

be _e for t/m standard deviation. Or an atte.m£,t can be made to compute
the st_es _once_tration factor as a function of random variables as

described earlier in this Sect&0_.

Not_._ _z_i_.tivity Factor.-Xu the equation

_£ - 1 + q(Et-1)
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r!
:L .

I
i
i"

[
i

L

]

iI

l



I

_--:_. the notch sensltlvity factor, q, is used to relate the thboretical streee

t_-:_-_ oonoentratlon factor _, to the f_ti_m stress concentration factor _f.

Lipson and JuvLnaLl (6, p. 117) present a _mrt, Figure }_.2, _ahich is

repr6senta_ive of those _hich can be _ed to fi_ q for c_ovemtlonal

d_sigm. The situation as far as design by reliability is concerned is
the same as that described above for stress concentration factors.

A large nm_r of references do exist (7-29) for strees factors
the oonventianal dQsi_n appx'oach. As in the case for failure governing
strength factors, the failure govarni_ stress factors giV_1 therein
are not directly suitable for design by reliability. There is much room
for research in _ area in order to put these factors on a Statistical
basis.

DISCUSSION

In _ple h.l, _ assm_ed that the failure goTermlm_ stress diatrlbutlon
ia mormal. The same objections appl_ to t_hispractice as to the use of the
r_)X_aaldlstributlon for the failure governin_ strength distribution in Section
3. Again, m_ch data needs to be gemarated to determine ac_Arately the true
stress distribution. ..

MIthods have been presented which ,ill permit the engineer to determinej
or eatlmate, the distributions of variables and factors involved and then
arrivl at the failure governing stress distribution.

Two of the most .seIYulmethods from the standpoint of design by x_liability
are found to be the Algebra of Normal Functions and the l_mte Carlo methods.

Once the distributions for both the failure governing stre_th and the
failure governing streas _re determined, _m only remai_ problem is to
determine t_s resoltln_ reliability. This ,ill be discussed in th_ n_xt
aecti_m.
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oum_ 5.1

INTRODUCTION

Finding the reliability when the stress and strength distributions

are normal has been discussed in Section I. We can illustrate this

again by considerir_ the stress and strength distributions found in

Sections 3 and 4, examples 3.1, 3.2, 4.1, and 4.2.

Using the Algebra of Normal Functions solution, we have, from equa-

tions (1.2.19b and c)

from which

"_" "_e, . , (40,8002 -..4_.

'" (__.___o_-._.6x_o6__
-6 8oo

t- ---_. o.816

from which

R - 0.793

For a comparison, we can use the Monte Carlo solutions

_" = 1_7,614

_"- 6,843
S

- 40,926

_s = 4,197

.47,614 - 40.926 z ,

'" I
t - - 0.838

R = 0.799
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As would be expected, the agreement between the Algebra of Normal

Functions solution and the Monte Carlo solution is quite good in t_Ls

i-. particular case.

_en the stress and strength distributions are not normal, a number

......:' of techniques are available for solution. These will be discussed next.
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_T_R 5.2

EETERMINATION OF RELIABILITY WHEN LOGNORMAL

STRESS AND STRENGTH DISTRIBUTIONS ARE INVOLVED

A relatively common distribution in reliability studies is the

log-normal distribution. It is used when the stress or the strength
is markedly skewed in its distribution and wh_ a plot of the natural

logari_ of s or S versus their frequency of occurrence is normal.

In other words, if

1o%
Is - s _--.-,

then for s' to be normally distribut_ij its density function should

be

. Z[s'- _' )2
(5.2.2)

where

l°ge si

i'l
;, . • -- (5.2.3)

N

and N = number of observations.

(zo_e si) 2 - N(;') 2

N-1
(5.2.z,)
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_e stress density function woulC then be (i, p. 89)

I_ °Co s - _'12

_(8:) " e ':"8'
for s _0

Similar expressions can be written for strength, S.

To determine the reliability when both stress and strength distri-

butions are log-normal _ye :_' use the fact that the logs of stress and

strength are nomally distributed, as discussed before. Then the method

given in Section i of this report may be used because

hCS')- f(s'- s') (5.2.1)

where

h(3') = difference distribution of two
normal variates S' and s' which

is normal itself.

s' - zoge s (5_2.2)
/

s' - log e a (5.2.3)

Consequentl_y

"S'- _' - ;' (5.2.4)

and

then

-

;fs,-
. 1 e " 2L 6S , "']

h(S') d.3, _._-_

(5.2.5)

(5.2.6)
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The reliability, with lognormal stress and strength distributions, is

therefore given by

r- /o h(J')dS' (5.2.7)

To evaluate this integral the transformation relating 3' and the standard-

ized variable t may be used, which is

y - _'
t - - - (5.2.8)

3'

The new limits of the integral are for

3' "0 , t'---

and for

Therefore

R- 1 dt (5.2.9)

Now the value of R can be obtained from available tables of areas under

the standardized normal density function, as illustrated in Section I.

If f(s) is normally distributed and f(S) is lognormally distributed,

or vice versa, the methods given in the next three chapters should be used

to determine the reliability.
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CHAPI'_ 5.3

DETEPMINATION OF RELIABILITY FOR GSN_LLLY

DIS_IBUTED STRESSES _{D STR_T}B

The reliability of a component can be determined from the basic

concept that a no-failure probability exists when a given strength
value is not exceeded by stress. The probability that a stress of

value s exists in interval de is equal to the area of the element
1

ds or to A1 on Fig. 5.1 or

(s ds_ _Sl= f(sl)ds At .P z'T s_sz*--

The probability of strer_th exceeding sI is equal to the shaded area

j or

_ ....P(s> sz) - f(s) (_ - A2 (5:_;2).
JrI

The probability of no failure, i.e., the reliability, at sI is the

product of these two probabilities, or

. _(sl) dsx _(s) _ (_;.3.3)I
s,

The component reliability would then be all probabilities of strength

being greater than all possible values of stress, (2), (3) or

/ -R- dR- s) s) _ ds (5.3.4)

d,

The reliability can also be written as (3)

R- _(s) f(s) d d_ (_;.._.5)

..O,o _O,_
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I;

,, }

I;
| ,

I

f
i!JJ "

._
t! '

. !i_

| fl,_
1t!

_ !ili!
r li!i_• , ?

-_ , ,¢

:{!I|

!::!2

i

174

=

|

J



!'

i,!:!

- f(S)
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V

Furthermore, similar expressions can be written for the unreliability,

, of a component as follows (3):

Q.. _ r(s) fCs) dS as (5.3.6)

or

" 1. ; _(s) f(8)de d_ (5.3.7)

Equations (5.3.4) and (5.3.5) can now be used to calculate the

reliability of any component whose f(s) and f(S) are known. If these
distributions are normal or lognormal these equations, by transforma-

tion of variables, revert to those discussed in the previous chapter.

It must be mentioned that these equations carry limits of integration

applicable to distributions which exist from -o_ to +o_. Otherwise
these limits should be replaced by the lowest and highest values the

random variables can ass_ne. If they are not, then the Transform

Method or a computer program utilizing Simpson's Rule may be employed

to evaluate these equations and thereby determine reliability or

unreli abili ty.
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c_¢_ 5.4

TRANSFORM Rh'THCD OF DETEI_4INING RELIABILIT_

WIT_ NON-NOF_L STRESS AND STR_GTH DISTRIBUTIONS

A technique has been developed (3) which consists of a Transform

Method for solving the general reliability equation.

The reliability expression

R-/ s)_ f(s)ds

-C_ be rewrit-ten by letting

/

(5.3.h)

(5.b.x)
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i,

4

and

_len

'(5.4.2)

El OdF !_

where

dF - f(s)ds
i

The limits have changed because the variables of integration

have changed. _ere the lower and upper values of stress are -_o
and o_ and of S are s and _ , respectively, the range for either

G or F is from 0 to I by definition of these new variables. Figure

5.2a shows a plot of F vs. Gp the new variables. Inspection of

_quation (5.4.3) reveals that the reliability is the area under
the G - f(F) curve, and is designated in the upper graph in Fig.

5.2a. This area may be planimetered_ and its ratio to the total

area bound by the axes9 and F - 1 and Q - 1 calculated, thus ob-

talning the reliability.

The unreliability in this case is obtained from

Q.f _(s)ds _(S)dS
(5.3.7)

by letting
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v

and

Then

(5.4.6)

Q - _ao (5._.7)

where

da- r(s) c_ (5.4._3)

Figure 5.2b shows the plot of F vs. G and %he areas giving unreli-

ability and reliability. An alternative expression can be written

for the reliability using

sjR r(B) d f(s)'_

and letting

$

F(s)- / r(,,)ds (5.4.9)

and

ii

i ir

i ili_
,!!.

i!

i

$o(s) - r(s) _s (5.4.1o)



so that

R- / FdG
(5.4.ll)

wher_

do- _(s)dS i(5.4.12)

This reliability is illustrated in Figure 5.2c. Finally a second

expression may be written for the unreliability which is

iTi'.Q- f(S) c4_ f(s) ds

By setting

-Gw_

and

Equation (5.3.6) becomes

wheI'e

i
s) - f(s) ds

--lill

dF " f(s) ds

This unreliability is illustrated in Fig. 5.2d.

r

ij

{i
ii

I"

.ik

I,

II

I
t"

"'I

(5.b.i_)

(5.t,.15)

(5.4.16)
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This method enables the evaluation of reliability or unreliability

_ for any distribution of stress or strength and for any combination of
two different distributions of stress and strength, provided the partial

areas, F and G, under these distributions can be found.

The methods of finding areas under the relatively common distribu-

tions of ga_.a and Weibull will be presented later. This way the relia-

bility of components havin_ stress and strength distributions that ar_

normal, lognormal, gamma or Weibull may be determined.

The accuracy of determining the reliability by this transform

method depends on the accuracy of evaluating the partial areas F and G,

of plotting them and measuring the area for R or Q. The desired accuracy

may be obtained by evaluating the areas F, G, and R or Q by digital com-

puters.

Another digital computer method for evaluating R and Q for any

distribution, using Simpson's Rule, is presented later.

Determination of Areas Under the C,_mua

Distribution for Reliability Calculations

Another distribution which arises in reliability is the gamma dis-

tribution whose density function is given by
/

e-s&s_

f(s)- p (0" l) _" Y' (2.3.13)

where P stands for the gamma function and should not be confused with

the density function of the distribution itself.

Partial areas may be found as followsl

;!i

• /

i

|

|

!

i
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P(o<s <"A) _/" s/V
1

((_+I)

,Pds(_.b.l?)I

Let s - _ v, then ds - _ dv, and when s - O, v - O and when s - s1

v - s#/_. Substitution of these in Equation (5.4.17) gives

.a



e " v vPdvP(O< _<" _p) - r (p + 1)
(5,4.1S) ',

Pearson (h) tabulates for p =_ p_/_

z(u,/_) .oj/, (/÷ _)
i
(5._.ISa)

.

wheP e

Hence

,-y i(5,_'_9)

with

P(O< S< s,) " I(u,_) (5.4._9,)i

therefore

$I ,
,- _ +_ (5.4.2o,)

q#-

Kno_rLng_ p and s_ j calculating up and entering Pearson's tables

w£th thdse values of u and/3 gives the numerical value of Equation
(5.4.17).

The following procedure may be used to determine /3 and _ from
stress distribution datat /

where

b = -_ (5.4.21a)

!

!

,!

=

!
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N

F
i-1

(e i

m2 " N

T ....

N

i-I

m3 " N
!(5m. nc) i

and

,(5._.22)

u - .-_ i(5.z,.23)
8

As an ex_nple; for a given g_mna stress distribution let O"s - 3mOO0

psi and m - 21.7 x I_. It is required to find the area under this
3

distribution from s - 0 to st - 8pO00 psi. Taen

8OOO

u- s-.-_--_,_-2.67
6s

and

"2 " O'e2. (3,ooo)2.9 x zo6

m 2 (21.7 x 109) 2

(9 x 106)3
• o.6_5

i ili_

if

184

.......... , _ . _ ._1!'1[ II ............... .,. _ ....



There fore

4 b
._. 1. _5-T_S-_ - 1 -5.2

f.,
The tables for u = 2.67 and _ - 5.2 give l(u,p) " 0.621 - JO f(s) ds by

interpolation.

The gamma stress distribution parameters,

may be found as followsm

- 5.2

and

Therefore

as 3,000 "= 1210

/

- e/121o 5.2 - s/i21o 5.2
f(s) e s 1" _- 6.2 " , 21e s

r (6.2)121o 2.19bx xo

, for the example

Determination of the Areas Under the Weibull

Distribution for Reliability Calculation

The Weibull density function (5, P. 91) is

. ," (2.3.9)

The partial area under this dlstribution's density function is

given by

F- _ _(s)ds (5.b.2_)

i

'!!

ii

• !!
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=-- _ •

or

F - I - • (5.4.25)

Substitutiono_ valuesof s,>_ ,/9 _ ,_ in _u_tion(5._.25)gives
the value of F. The correspondln_ value of O may be calculated similarly. -
ThiB _vould then enable the calculation of the component reliability by

the Transform or Digital Computer method.

i
i

i.

!
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_AFr_ 5.5

COMPUTER SOLUTION OF THE

GENEraL R_IAHILITY EXPRESSION

The general reliability expression

R f(s) f(S) dS ds

-¢,_ $

(5.3.h)

may be evaluated by nmuerical methods of integration adapted to digital

computers for expediency. One such method uses Simpson's Rule (6, p. 3_8).

The method consists of applying the rule to the inner integral over

finite, arbitrary intervals of the variable of integration until the

evaluation reaches the desired degree of accuracy and then reapplying

the rule for the outer integral whose integrand now consists of the

product of the outer function and the terms in the result of the first

evaluation. This second evaluation is in turn carried out until the

final degree of accuracy is obtained. The size of the intervals over

which the evaluation is made will depend on the error that can be toler-
ated and the form of the function involved. The infinite limits of the

integrals must be truncated at finite endpoints which are located far

enough in either direction to keep amy area contribution outside these
endpoints at a negligible level.

Si_pson's2ule is

t(x o) ÷ _(x I)

+ 2f(x 2) + • • . ÷ 2f(x n- 2)

i__

' lr

i' I

!i
ii_

• !i:

71

,i!:

1t

!

• _t(x- _) + f(_)] (5.5.1)
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Where n is the desired number of uniform intervals, as shown in Fig. 5.3,

i.e., ZI _- _, _(_n) " _(b), _d _(_o) - f(a).

For any n, an approximation for /_f(x)dx can be obtained with an

error,

- 180n h

the maxim_ value [ f 4 (x)[ attains for x in intervalwhere K is

a< x _ b. The value of the _irst approximation, _, is subtracted

from that of the second approximation, 12, and the result is compared

with the desired accuracy, I. This comparison is continued until

Ik " Ik - I _- J" Then Ik is the desired approximation for f(x)dx.

Here a and b are the truncated limits of the distribution.

A similar procedure is used for the outer integral until the desired

accuracy is obtained either by extendir_ the truncation limits or the

number of intervals or both. In this manner the reliabili ty of a com-

ponent having any type of a continuous distribution of stress and strength
can be determined. A digital computer progrs_ for this method is avail-

able at The University of Arizona.
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CHAPTER 5.6

CONCLUSIONS AND RECOMMENDATIONS

The methodology presented in this section allows the calculation of

the reliability of components, given their failure governin_ stress and

strength distributions. These distributions may be normal, lognormal,

gamma, Weibull, or any other continuous probability density functions.

Analytical, as well as transform and digital computer solutions have

been provided to calculate reliabilities.

The knowledge of how to calculate the component reliability provides

the necessary tools needed to design a specified reliability directly

into a component. In other words, the direction of changes that need to

be made to the means, standard deviations, and other stress and strength

distribution parameters can be established and various values of these

parameters can be tried until the desired reliability is obtained.

Specific design and cost considerations would dictate what changes should

be preferred. This is a fine case of a computer application whereby

these parameters can be quickly optimized to obtain the stress and strength

distributions required for a specified reliability, at minimum cost.

It is recommended that engineers, and in particular design engineers,

use these methodologies and also contribute to _heir refinement since the

advent of computers has made the seemingly unbearable labor involved

shrink swiftly to highly satisfactory proportions. Furthermore, it is
recommended that the designer think in terms of reliabilitles, i.e.,

probabilities of success and unreliabilities, i.e., probabilities of

failure, rather than in terns of the safety factor or the safety margin

alone.
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Ct_I:T t_ 6.1

INTRODUCTION

The previous sections have provided the theoretical approaches to

determine the reliability of mechanical parts by the deslgn-by-reliability

methodology. It was pointed out that much statistical design data on

components subjected to complex fatigue made of materials being presently
used in the NASA space effort need to be generated. The ultimate

obJectiv_ is to fill the gap in the prediction of the reliability of

systems where purely mechanical compor_nts are involved. The great need
for this effort is exemplified by statements to be found in numerous

reliability specifications, and books (I through 29). The methodology

has the goal of determining the reliability of mechanical components

once the failure-governing stress and strength distributions are kno_m.

AS discussed in Section 5, and indicated in Figure 6.1, the unrella-

bility and then the reliability can be determined.

The component of concern i_ this research is a specimen which

simulates a shaft in service (30, 31). The specimen material for _hich

data needs to be generated is S_E 4340 steel, Cond. C. as per MIL-S-5OOOB

(32). The loading consists of reversed bending and steady torque applied

to a rotating specimen with a stress concentration, which produces

combined-stress, or complex, fatigue. It is to meet _ data need that

special fatigue testing machines capable of providlz_ these test condi-

tions had to be designed and built.

The following chapters give the details of the design of these

machinos.
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r, _'r" • ., T .

..,,.,,-,......- ........ c_.:_>one:_,t__ace Io_.ated _o parforv,_ tho s_gec[fie,l f_nct[ons

x.,,e:m_,e. ...., ",n_.,, po_:. _.,c. ;:pecial c:J_r_ ;,ore a_£de.l ,_a%d locally .._aaufac-

7.anti:%',:,,>,ec;i ot s>ec'_n:.,-Tha ti,mm required to fall a _eeg_n is a fuac-

_i:,a of '" ,L_,u._ _:,e t.-_:;t_ch£_e. _e higher" t"_ rum

tl;a le._:,t'._2 _-equ_re.d .,7o_fail-a_:c uf _eat a_,eci_en_ _n d _he lascar tl.:: llfe

-,;t,_.uut_on._ tax, bc generated a_ a specified s_ross level. Po_: e::'_,le_ nea;"

t .... a,v.h:rarme ll:_it of a _v,ta:ial_ a Ere,atec. &_u,%t of test£_q_ thee is "r_quired,
,C

sirra ".'3;or _o_'e cycl.es _.'_'_tbe v.cct_m,late.:'.,

The _peeds t::nt carl by: obtained for "acting purpoga% _,.'_thout u_fng varia-

ble spaed motor% z:.-e12.C0 r_vm_ 150 _, IT,:_ an..l36_.) _'. _'he i:igaa_" rpm, 3600, is

au_ I_-90 ZTv=.:-..'a_ll[,_ acceptaSle, ".':'he[o_,_r rp_ l;:CO_ _ms consi6et_d

c.'(-aan! the. <.az_ e,: CLI_s r'_>uo,_"i5 r'_'-'ut._.a tie ![',-__:_ v_cto:.

The r_ahine wa,_ desi2_e_ for o,.,.:,in-!b cf steaay torque :_.ad 3b.%0 .r_-lb of

" _..... 1,:,_..L. ,'e_::'. ,abl; ;.,..'a;.., L:,' u:;ir G a e_d_-e%re_-se.Jb._tJi,'_ b }_.',,_,'.;ti: .... '._.- ., ..... i... "....
l'aad factor of t_ag,

Tact. _,.,e.ci:.m.n,-_Ag._'sI_,_la P_-se.arch Car.car s_eelfle,! tl,,e requlr_n=s

of the test sFec.ll:_en (30). ._.I_o&he gc_: _pccL:'an h_,:,Lo be Jestgne.d _n

[best available copy.
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conjunction :riCh the _P VIII tucbi::e _haftj AeroJet-Ge_leral 3/h 99)273,

sleets ouc a:_d t_ (31). ";h_.ct sue of the dra;Ji:_ supplie.', d_e fagri_ation

processes of tl_ tu_'bi_u_ _1=ft. The te_t s2eci_:_ _:as not as clagorato c_

the turbine o;_ft: but the proce_;ee_ _re also,ely foll_ed. The _'p?lleable

p_cesses are covered in Table 6.!.

TI_ l_rgegt tes£ specime_ tlu t tl_e _cblne yes deslgne.i for ceul! Imve

a major" di,aue_ar3 D_ of 1.5 _n. Because c£ the Specified _m£orial, Z_E

43"_D, a D of ' ,appro_ rely 0.759 inoand a minor Ji_a'_t_r, d_ of 0.500

in. _s _elec_ed. -.'_groove t_s Inclu,._d to i:_eor_orate a stress C_:eentra-

tlon factor. _q,e red.lug of _i_e groove was selected as _.150 !n._ giving a

C_JF of appro:;i_k_tel_ 1.5, _;hlch correlates _ith an area of high stresu concen-
tration on t_:o '"" _'-_.... _'I VIII as_,_t, indicated in Table b.l. T_e _ricau

Society for Testi_k% _k_tor_als, }_nual on FatiKue _'e.'_._!!/_(3,3) was also adhered
to.

Ino_r_-ntat_on_ ' -_e major instrumenta_io_ consZ:itod of (I) strain gages

for _tatic an: d.y_mmic strain ueasu_'emeut_ (2) sllp rln_s to _rau_ai_ the

de_Ired information o_f o£ the rotm.t!ng zmcl,£ne_ _o a otatlonaz5, recorder,

(3) amplifiers, and (4) a recor¢_- to pe_T_znently record _he streln gage out-

puts •

.Table 6.2 gives a ro-su_m of the /asign requirements that _mre follou_d

during the pro_ect as set forth by !:?_S_'aad _rtinent corresp_adence.
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TABLE 6. I

RESI_:E OF DESIGI_ CRITEP_IA

Loading Meclmnslm-

Steady torque

Loading Mechanism-

R_v_rsed bending

_nt

Test Speclmett (See Figure 6.7)

Zast rIJ=1_ntat iOU:

Strain gages

Sllp rings

_plifior

Recorder

C_neral

Rotating specimen, 3600 rpm desired,

1800 r?m acceptable_ pro._co and

l_)Id stcady torque and reversed beud-

lag moment_ holding chuck 1.5 lu.

diameter _.xlmum; simple design employ-

ing "oil-the-shelf" components.

Simple device to produce, hold, and

transmit desired steady torque of

5400 in-lb to test specimen.

Simple device to produce a reversed

bending monmnt of 3450 in-lb while

specimen is rotating.

SAg 4340 conditiou C-4, MIL-S-5000B,

certification of chemical and physlcal

properties, uuifot_ quality, same heat

and processing, heat trcat Rockwell

'_" 35/40 as per MIL-ll-6875 with __nl-
mum tempering temperature of I000 F.,

inspection as per DLIL-I-6868.
D " 0.735 in.

d =" 0.500 in.

r m 0.150 in.

SCF = 1.5 •

Dyru_Ic and static measurements.

Transfer of strain gage data to ampli-

fier while specimen is rotating.

To handle static and dynamic information.

To produce a permanent record of strain

gage information.

Equlp_ent to Imndle at least 2 sets of

information simultaneously.
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C_I_PTER 6 3

S_2L_!O:I OF T_ETII_] Tr_:IE_;IQJE

Survey oC Co_ueL'cial Co_._.ie,J

)k_,y co_rcial compa_lies (34-39) _=o contacted. _1_sse co_panles neitl_r

produced nor possessed a fatlg_s testit_g machine with the ablllty to produce

steady tot_ue and reversed bending moment. The Budd Co. (4_)) suggested tlmt

14able or OJeo,iahl be contacted concerning tl_Ir fatigue testing machine (41)_

this machine will be presented later in this chapter. In co_xclusionp a co_r-
elal mnclclne conld not ba located for this project.

_odl_ying _dsting l_nchlnes

tl_ ne[,ativo s_rvey, it _s Jeel_%eJ to deslgu_ and build a nc_a tostIRg machine

or modify/ an e}cistlng one. Four fatigue teoting raachines _re consi(_red.

£_rst was a _od_ficatlon of TI_ Univer_Ity of hrizc_m'o Universal Fatigue Testing

llacl_tne,_lodel l;umber $P-OI-U-2, so _hat it could handle tlm combined-stress

fntlgue problem. A loading fixture would have l_d to be designed to couple-ln

tl_+steady torque part o£ the desired loading. Thls fatigue teotlng machine

has a non-rotating specimen. 171th only one rnachir_ available at Tlm University

of Arlzona, actdltlonal testing mnchlneo _ould lmve to be purchased.

Con_Iderlng the purclmse o_ additional machln_s, at a high cost_ and tim
extensive modlflcntion, tl_ Universal Testlz_B I_chlne _a_ considered not accept-
ab lo.

l_od.._Iflod_R--R___._k_0_'e fatlr.ue testlt_c_j_i_t-_e second consideration
_s to modify n commercially available fatigt_ testing machine. An R. R.

Hooro lllgh Speed Fatigue Testing _aci_In_ (4_) _>uld have l_d to be redes_gtmd

to provide tl_ required steady torque. Prellmlnnr_ _rk on the proposed modi£1-

cation w_s don_ by Joe 21c'_inl_y (43). _is proposal consisted o_ incorporatin_
an ermrgy dissipating device to provld_ steady torque, as sl_0_m in F_g_ro 6.2.

The dissipation of the energy devalopod fro_ tl_ steady torque requiromont _se
very high in the above machine. It was decided that a simpler technique o£

developing steady torque should be employed for this project. The required

modification for =toady torque and tlm buyi_ of tim expensive R, R. floors

Yesti_ _h_oa %_as not de_tr_ble for tim I.t_A project.

l_uu_l_sfatigue testlnr, mnchine.-It, llughes (44)while _rklng with Dr. D.
B. Kecocioglu desired a fntlgu_ tcstln4_ mchi_o shown in Figure 6.3. _,e steady

torque is developed by a l_/draulic pu_p. A teat specimen is placed bet_en t_o

l_arlngs wltl_ tl_0 load bsi:_ applied on one end. _is load for reversed bending

monmnt is applied by varying t_ goarlng _atioo bet_ e_n _o sl_fts.
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Actunl service conditions are closely approximated by the 11_e Machine.

_Iz_ver, the mnchlnc h_s many iutrlcate part_, it is co_pllcated to build_ aud

required an cuerCY dloslp_tiL_ device for stea_Dy torque. _9_orefore, it _s
_t selects ao the type of testing machine requit-ed for the project.

Foster £ati_ue tooti_n_chln_e.-Ehe fourth machine began with a suggestion

by Professor A. G. Footer (45), who Indicated t_qt t1_ test spoc_n could be
held in a non-rcvolvir_ _sltion with the required bending loads rotatillg.

The steady torque requirc_,t could he applled extem_ally and varied as re-

_ired. The principle used i_t this fatigue testing machine has not been found
in tl_ literature survey, m_.d is tlwught to be a n_nz concept. "_,e bending

moment is obtaiued by applyinf, a bending load to the free end of the test

epeclmen through a double eccentric. To obtain the reversed pok-tlon of the

bending moc_nt the free end of tlm specimen is then rxyved i_ a circular path.

The effect o£ bold_ t_ _p_,cimen statior_ry and rotatiug ti_ fo_,:cs I_ not
certain. _t is possible that atatiotl_qlly significant ,llf_ere_cec in =ooults

be _c_nd ..-_n tP_ cpec_en is s_a_iot_r_ as c_red to it= boLn_ rotated.t.e p=e_ _nt
_9_o_[ore, it _,_s _elt that the machi_ could not 6e used for '"

project. _Igure 6.4 is a sketch of the e_ara_. Not included is tl_ cord-

plete stature £or holding c_ end and eccentrically oscillati_B the other

_tereture _._ey

@
A llteratu_e survey _ms made in order to locate fatiC_ e testing machines

to generate the de0irod failure data. -_le£ecences on Fatigue" (46) was sur-

veyed from 1955 _e 19_3. TI_ only pa_r of interest _ms _/_ _Po._9.si.__um._--n

Ln_F.atf_+Tcsti_ _chines and T1mir r_osult_ (47). ._ _stlng machine,

capable of |_mdling c_ined steady torque and reversed bending moment _ere
found in the paper. Other references (43, 49) _oro rovie_odl i_oramtlon con-

razzing cabined-stress fat!g_e m_chlnes _ms _%ot found.

_e_roceedi_8_9o£ the ,q/)c_et//for _._czLmental Stress _.z_9__y_.gu(.50) from
1945 to 1960, and "_xperlmental I_echanics" (51) f_m_ 1961 to December 1965,

_e reviewed in an att0mp_ to locate a combined steady torq_a and re'w reed

heeding _nt tcstlng machine. Several fatiC,ue testin_ m_chl,ms _ere found_

but only one _s of direct interest to tl_ 1iA_% contract; a testin_ _mchin_

boilt by }_ble and Ojcsdahl (41). This machims uses tl_ four-square principle

for applying the sto_dy torque while tl_ rotating b_ principle is u_od to

produce the bending moment.

The four-_uare principle is not a _ p_inclple fo_ developlr_ steady

torque. Industriai corpo_ations_ such as goa_ mnnufacturers_ speed t-o_cer
m_factu_rs_ and coupling c_nufacturors all use this principle to evaluate

tl_ir products (52).

_P.efer to Section 8 in the BIBLIOGRAI_ at tim end og this t_po_t £oz a

dlecus_iun of tlm teotln_ _chir_s which _re _ou_d.
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BENDING MOMENT APPLIED

THROUGH A ROTATING
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CONTROLLED SYSTEM --\

S # •
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• #
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FIGURE 6.4 FOSTER FATIGUE TESTING MACHINE



,Lac._,ne this principle was u_ed to develop a maxi-In the _g._bie-GJesdahl _ ' +
m_n 8tea_" torque of. 6,900 in-lb, h_..,ever, the macl-i'<_e_as only oper0ted

at n mn:ut=_m._of about P0_3 in-lb o:: torque (413 P, 86). At this loading

the machine produced _ high ;_i_ch _:h!ne (_3)> a regult of the pitch line

velocity of _hc; _pur gears being 3000 go 4090 feet per rollurn (54). Also

the p).-e-set torqt_ could not be L_nlntalned. '_e ste_dy tor_luoj lout-square

principle, is coupled _ItP a rever_ed b_ndlng r,_-_nt, as sl_ in Zigure 6.5.

The _.esIL_ed bendlr_ r_or._en__ms ._ppl_e(! to tl;a test piece so as go simu-

late a u_?ly ._upportcd l'_:)c_. _rough the use of a hyJraullc cylinl_ -_and

associated eq_iT._;_t t;_ requiz_d bendi_%g ::w_ent load _a_ _evelol_':l (53). _t

appears that a reduction lu hendlr,5 r_c_-_za__xight occur during the tesuing

plmse as a regult of tLa hydraulic eylinJ_r leal&_,ge. The bending r_,m_:nt is
constant alert5 the length of the te_t piece lot a specific value of the bend-

i.n_ load. q_e t_chi_%o _._.sdesi_eJ, for 5v.,O in-lb • and opernted at a ma)¢i-
3_0,, in-lb of |_ending Instant 'The reversed bendi_ n%o_entmum of aleut ,, n

was gained thz'ough the rotation of the test _ieee in the four-sq_qre mecl_nism.

The i_-!)io-GJesdah! test )m_chi_.e operate<, at 1200 rp,m. The machine was

drive,n by a 3 .hp, 1200 r_ inductlou _o_or (55). ._zbie (53) furnished t_m

ass_-_blj dra::ings (56, 57) and additional desi[_% info.-_atlon as to _I'_ p%_)bl_m

areas of h_s test r_acl:Ine, as _:m,.,-nin '_ablc 6.2.

The e:_et instrumentation on the }_ablc-C_e_,dahl test e_mchine is not known.

_ever_ t.he torque values a_e n_asured and c!,,eel_d only in a _tetlc situation.

Tbm bending n_nt values ,_ere checked m_,l related to tho pressure gage on the

l_drau!_c e_',nlP_%ent• The Load _ms applied st_tically a_%d t!e pressure _o_ed.

Strain gages t_ere used for t_u_ static torg*e [aeasuz_nts end a!,_o for the

bending load. The bendi_g lo_:d st_aln _nges _mre mo,'a_ted on the loading bar.

The test m_chine was calibrated ,_namleally wlth suitable mo_atod strain

gages ar_/ slip-flag and brush as-_mnblles. Tl'e e_mct equIF_ent is not _own.
Co_rela¢ion of these _.-_-_nlc _ests _ere _x:de to the stresse- _ obtained _Iz_ugh

ealcuLmtlnns and an 8-I_i, error was noted (41).

T_m £our-sq_ re principle 'was selected as the raeans of applyi_,g the steady

torque and the rototi_g t_am pri.nciplc _;ag selected for 8pplylnc the reversed

bending _. Also this principle co-mbined with the rotaZi.n_ beam principle

fur the ben,!iug m_._ent is n proven _rlncIpl_ for fatigue to,sting. The major

advantage of the four-sqt_re principle is tlmt the required horsepo_._r for the

_oadlng of t%e specknen is iu_e_n_zl. Therefore, the driving meclmnimn only

Ires tO o%_r_ome t.he fclcti_.ml losses of the maehlx_e.

Oorz-espondenee _rlth ._nble (58) Indlcm.ted _hnt the co_mmrclally purch_seable

eo_)onents e::coo,lod $5)30._0. Vith these tl_ughts in mind a test _chi_ms
slralL_r to t:a_ Mable-CJeodah! principle was designed mqd bt_It at TI_ Unlversi_

of Arizona. I ReprocJuce_, _ro_'--" _5est availaloJe copy.
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TestlnK Mack_n_
: L • L __

_bie-GJesdahl

Foster

_dlfled _. R. }_)or_

or Locally D',-_u-
fac tu_'ed Version

_odi fled $ora_LaZ

Fatigue

C_A,_'rsoN 0_' TI_STI21G I,I.'_JILT2_:7-

-_,avantta_e.t_2

Does not dlssipa_e _ae_Ty to

at>ply torque to :]pocimen.

_._ _mqci-/ne bzs l_ built

'and iu fu_qcti_l.

2,s_!y d_a_,_ings available.

Uses I' :!L_._eLcr sF_,:_a.

_i_ad_,_taLe9

Dif£icult to hold c0_stant

Vibrn tion pres_.t.

l:oisy.

C_>_s cio_s£ to s-/mu_.tin_

actual _¢rvice condition.

Pr_lirlh_ry dcn_r_r_s m_;

design nearly cmupleted.

Parts l£s_ ne_trly e_>!eted.

? dap___ble to any turret lathe.

Capable of high _.

Vili _ mnootI_r at 36;)0 rpm.

Loc._l i] _._zmfac tured version

lo_._r !:_ cost th-_ _artLe4_
•,_/th the P...,._' Ik>ore _/_cl_h%e

_u_y i_:tricate part&.

Cx_._)licated _, Lui!d.
:gach vibration a_.n holes is

po_ciblc at IS<>'3rp:_ or

greater.

Dissipates energy to

torque the specimen.

1/4 '_di_etec ma_ =9_cl-

5:at_atic slut ="._:_n:t n_y be

dif2i_-alt. Torque may not
steady.

U_cs !_e _otor

O_s3il_ates l_r_e a_o_nts of

Ii4 diameUcr spe_cioen _<i-

;vailable no_.

.GILp ri_s .not re_aired for

....._ '{
P,epr oa_ '{
best availablecopy. _i

_kmt be modified for =ombined

0tress fat _ue.

Fi_ure for s_ea_- torque

must 5e ma_mfac_red.

For pr_:en for c_m/-_i_d loads

of t.hedeslrea type.

(
_rks

Cost $5009.9.') for co-_rcial

? _',_ve_.p_-Inc Ip le.

Z]_:,._.I = 12.9<;r._a.

._ue_,s fit ou _idlng chucks.'

Gear box - sp_r gears.

lbt c:_sen for prgJect.

A;,plicat/o;_ of L_:ling moment.

Fe<f_i,._ gcvc_l soar ratios.

?eq'.x?_:os ;a_cl, rec_urch and

d_2_x2!o,plnen_.

_,:_ c_o_cn for _roject.

fkqw_ ire z_c:_ine °

[3ot c'.,_,_n for p_ject.

O_.q>er_ive _chine.

Xo£ chosen for p_noject.
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CItAPT_2t 6.4

O_BIL_'D BP_I_g; A_ TORSlON FATIGUE K_CIM_E

Znltial Desig_ of Test lhachlne _

,e_r___,r_of initial _s_._-Thc _litlal design of the test machine wa_ based :
o_ t!_ amotmt of."torque and b_nding mora_nt required to con_letely fracture a

test specimen with a minor diameter of 0.70J in. that rotated at 3600 rpm.

_a r_lulrcd static torque was 7470 In-lb at 103 cycles, and the required

bendlng _t _ms 4530 in-lb __or complete £racture of the SAE 4340 GpcCgi_en
for the worse case co_dition. _ m._chli_¢ _ras then a:mly_d with a Icx_d fae-

i_ torque.

iii

i, i
i_ _ _ _

:1_ I

Subatltutlr_

The initial design loado _ere 9000 tn-lb in bcndi_ and 15 _0 _n-lb !i ,

_ = _63 ooo (sg,p. 551 (6.4._)

[

z_i!gA_lOOp0_t
hp = 6fOOO--
hp ,, 847

_ze internal l_rscpc_mr, tl_ l_roepoxmr tl_t the specimen sees, vas n large

vnlu_ ifor equi_nt operation. The gear box capable o£ su_talalng 847 hp

sx)uld have gIshed_ _910 Ibs with physical d_aens_ons of 19 in. wide by 6_ in.

deep" by 29 in. high. Since L_o be:coo are required t_ total veight_ not

includi_ nux/lary compo_nto_ was about t_O0 Ibm.

Another difficulty was that the bearings for the loading fr_ _ould hav_

l_d to be operated in an oli bath systmn to allow proper lubrication at 3600

rp_,

De_.s_n "recc_-_dations.-It _ns realized that design clmnges would l_v_
to be made to obtain a more desirable £atlg_a t_st machi_m. Lowerlng the

h_tet_ml horsepower was a necessity. F4uation (6.4,1) indicates tlmt hp do-

creases as T and n decrease. Tim torque is a function 0£ tlm diameter

o_ the epeclmen, there£ore by reducinS tl_a dto_eter of the spech_ the maount
of torquo for complete frncture can be reduced, as may b_ seen _rom

A diameter, d, of 0.5 in. was chosen which reduced the torque by a factor of 2.82.

__ =

_Reproduced from

[best available copy.

!_I:i!

i]i:
| .

1!
Ii

!

j:'

i t

I :
!

.!

l
i



V

i

Also a reduction of the rpm to 1800 provided a more realistic selection of

some of the components. The main result of the reduction of rpm and T was

that it allowed smaller and lighter components to be selected. A complete

analysis of the fatigue testing machine follows.

_ Univ_rsity of Arizona Fatigue Testin_ Machine

.............. l

The basic changes In the design specifications of the test machine were

to reduce the speed to 1800 rpm and the speclmen's neck diameter to 0.5 in.

Each'component was studied starting from the test specimen and proceeding
i
I

around to the....................back shaft. The design of the components follows. ..........i .

_9_st!a_9_j_(S_ Figure 6.7a) :

So _ 10 3 Cycles-'_0.9 SUT (6.4.3)

Therefora_

Su - u 160 ksl (60, code 1206, p. I)

Sa " eel03 = I/c (59, p. I00) (6.4.4)

R=arra_glns,
ST *
a

:=; d 16 )'

(6.4.5)

@

32

H _ 1770 lu-lb

The stress concentration factor has been omitted from this calculation in

order to provide a conservative analysis,-so that the testing of solid 1/2

inch diameter specimens or of larger diameter specimens but with higher

stress concentration factors will be within the capability of the machine.
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_t_e_,_ta i:_ 'otea,iy tovqae will equal the torsioual mo,_;alusof

SS:I = !I0 ka!.
(60, cGde 1206, p. 9)

Tc

_m J ' "" (6.4.6)

s3
In

T =
C

(s,_)(,_d4/3::)

.." -----,---75Y

. IUo_zJ
16

T " Z700 £n.-Ib.

'Zhe_o values reL_rase,,:tthe uorst case to fracture I:l_ spec.,'mmn.

j-.

Lood Fac to t'_

A loaO factor equaling t_o was used go establisll the deslga loads

fo_" th_ fatlb_iQ test machine, for potential increase in =uterlal strength

l_1 = 1.5 and re.- contl;lge_cles K2 = 1.3.",. _en the combined load factor is

K_"_;: ,, (1._;)(1.3'_)

Load factor _..2

The design loads for the test machine are 3540 _n - 15 for bending moment or

2 x 1770 and 5400 in - Ib for torque or 2 x 2700. {

Stress Concentratlon rector

A stress conccntr_oon _.:a9 _,_co_por,.teo into t}m t_st spocime_l_ de-

tnila of w;:ich are given in D/II U,".....-uT,,l-D-302. _iis stress co:_cezltratlon

is to develop a SCF a;)proxi_u_ing tl_t in thu ,_w_n_VIII turbi_e sha[t. (see _

Figure 6.7).
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Substitution h_to Eq_qti_, (6.4,10)_ gives

_f = i + O.'_k (1.45 I)

': = 1.42

_q ua t _o nSubstitutlou into " " , (6.4._), gives

I
|¢ m ---_
c 1.42

_erofore>
!

•. 0.5 (I_0)

!

m g_ Psi
/

(6.4.11)

Substitution lute Eqth-._t!.on(6.4..3), gives

So (o.sg) (as)

Se,- 4_.6 ksi

vlth S an/ SelG3 a :;-:_ diagt'am_ Figure 6.6, ,.:as plotted.e

P.oldln_ fi::tu.'e f o[ __._.c_i__L_ ,'L toilet type _Idi_tg fixture x:as deslr_d

....... _l_u..men to be !n_alle.l a_',l t-ea_ved .:Ith relative ease. Thisenabling tl_e _est _.-r.;

is su,_orior to press ._it_ing tl_ speci._n i_xto a set of Iml.lers, _'_e l_Iding

fi::ture was a _,__la;Tool llol_[erpart No. SI6-C"-CIZ with co llet _r£ He. C-12.

A _-cgn:aY was _mchi',-_d on the _i=_-_',=of =l-,o tool l_l_c to euaLle a positive

tr_r_isslon of torqsc. _-._ too_ Iml.ler %_'-s _urchose_! ,_it:_ut t:u_ cooling

.ate ....._ t,_=e..us. .:,_=othe colict xm_ t_odlfLed, and an attach-

r_nt fin'.: wa:; r_'ovel in order to p_v!t_ space for th_ test speci_n :_,

Fle:'_il,lo cou_?lingg_- There arc tLree coupll:kSs on t|,n test _chi_e: tx_o
---;........"_7"fr.-";. are !-.e_tl.cal t.z_u a larger one o_t tl:_ back s}_ft_

on the xrout _,u._,t t,._.t

best available CopY.
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•,,-,'nh - 67X._-I)"003 The .,-,_cr-Bata all _eel fl=xlblc cou71i_,_ _re selected

_or the task. Their nbility to tran_m£_ tocque_ all,J_; r_latlve _-.w_vt_ant of

sb_[ts, their ,_,_a[! s£Ze_ aa£ celatively Io_' ¢o_t_ are -_ome of the a,:w_t_ges.• , ,:, }

"£_v_ 3jar-Bath cvuplh_ calcLLl_tlo'as ere p_osenzed ne:=t. The I_c-;,elt, Palkj

end _;eppa eOUl)liILB_ were also conoi_red. '_ble 6.3 is a cc_parlson o£ the

analyzcd coul)lings.

lli.n _ee . ,,-_,_, ......_._

,qier-Bath Catalog C-5_

Tn

hp = 63 -"OJ_,,"

63 O33

(6.z.I)

_erv£ce factor (gF) _ 1.8

- (6.4.12)

Eating = "_" .............

I_ tlng =

1gO0

15.4 I'.2

10,3 _

,. ....... _. o at _'" hp_ i(;) rl_a,_elcct .r.er-_,,,,.., _Iza rated _,-$

hp _.. 154

Select Sicr-Bnth :ize

hp
,) v.

;_tlng = _O.o _00 rpm

3, ra_e._ at L_] hp/100 rpm.

...... , -rally a o_m-to-on-" ge_r ratio l.c used in the four-squ_reCoat. _9,.e._,.__ .,or..
prlnclple. It t_as ._elt that if a c_&._e_rcial gear hoz could :,e u.;ed ._uch _oul'J,,
be gained. For instance_ gear bo::es pro'.'/,'_e_,:czc o'_ enclosure, tl_y are
bu£1t by expects in the £ield_ they are ti_ ta:;tod_ and tl_c part_ are readily

'i

!

i

i

I

I, ! i

i

i

|"

I

; J
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TSBLE 6.3

CO%IPARISON OF COUPL I'_:Gt;

• ' Shaftuigh ,Speou

--Sier-Bath

No. 2

Std.

Fnlk
IIFF

R_eppa (a)

OJ

Sier°Bath

P,o. 3
Std.

Falk
12 F

Requ£red Coupling

15.6 32.0

Safety i_ted

t_or

2.08 Ig,)_l,

21.0

9.5

30.8

23.0 1.09 3600

30.45 3.2
25O0

Low Spead Sh_ft

80.0 2.6 12 000

35.6 35.0 0.99 3600

Envelope

Dimensions

DiS.

4 x
4 3t4

9 3/4 X

7 15/16

1?e t gh t:
Lb.

13

6O

33

75

2 I/8

3 9/1.6

3 1/8

3 7/8

[ .

L,

i

i,

[
I
|

i

i

|

|

i
!.

I
t
i
I

i

| " .

• i

[

!

aEst. llfe m 1150 days
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•/,do} oLqel'e_:
wOJJ pa_npoJda____J

STtm _oa_tLeC'_

_;'Z '= t'OaTnbea Cq :Io:_c4{

SZ'ge'O x +le_t =

• " .Xc'_G,¢

:;m?I i'e'_ o3,

no ..oq/ LS,, O._ • -

=o :,:on/_::lZ'O = _oI tw_

%'_I x g:,;'I =

dq :c Hg = dr[ _ttoI';ATnb'3

"*/'9 DI:Lua_

nT l,apTe,Oad _T oo_:_ II_ _Io uo_T_ <'-uooV .pa;uacoad oq IIT;_ "co,l_o; ._I_

oq.1 XIuO .acxTt::To o.x_ _oxc, cl :rye; oC_tl_ tit _ .:toj Bt:OTat'lnoI t.'o _[ff, "I:a_°alaB 2]
ss_ xoq .:taonpaz zt_o_ uoT_eJtod:too _]I e,.'I aql .auTqo_ta :lso:_ aq:l aoj pazXleu_ ajtoa : i

uoT:_t_zodaoo _I_I oq:l pu_ ''ouI _/;ut_dmo3 meq_uTm.XT_t-II °z:te'l _uoT_e.zod.zoo at_aO : !
u_ra:l_i't aq:l tuo2t] _axoq .:t_J •_..xnooo aanlT_: uaq_ e:luamao_Idaz _oJ algelTe a_



_arrel(a)
TR - 7'>

Vosten-_(b)

$53B

Fal:"

T:'l%IZ.6.:_-

COHeARIsqN O_ G_:AC_BSXE$

l_equfre] hp _ J

173 63

193 209

t93 :.lb

73

(:)
t32

S._eed

l..'..00

?_tio

1,52

1300 1.84

,, ?arrel and
a',Keav,/ Z_jty " ':" -_.peca _:lucers_ C_talogue Bulletin 45 _3B,

Blrmi:',g:_n Co., la_c.

¢,_ .q.
b,,_pee..l21aster ?arallel .,._t-ty?e Gear Ke_lucer_ gu!le_in 6/d)_

cWith cooling fans

S_rics

i i:i

i

} 1

{. I

lii.
i
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i

i i?!,!
i._!i
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The appropriate cotalog, ralh Bu!Ictin 4100, Dec._ 196t, _ras used.

the _c l:Ine =ool'u r_.in drivE: _l_ OEZ-4/CE f__ctor equals t_.

Equivalent hp = hp :: _V

= 7.5 :: 2

Equivalent l_ = 15

Be]oct coupling siz_ 5.

Size 5 was not adequate due to maximum bore of i 1/2 in.o The couplinga _haft
• . I" °]

mounts on the high s_eed shaf_ of the _0_ Y1 gear b_:_ _hlch _,ms--,_,,_" cbe 6 ? cou,,lle_.

diameter of ! 3/4 in. '_Icreforc_ _ .......

_thod of___tg..rgilai--i_"TI_ torquing d_vicc _elcctad wa_, the l{a_%onlc Drivel
....... ,,. ,- -. _ _he largest indozer _as selccted du_ to th_

lnflnit-lnd_:cr, hvUl ,_e_ieo. 15)UI- 200

large I_ speed shaft. The part No. is

Elect=it _otoC_- _e_:c are _ny available _otors t_mt can handle the
,_ c,lcuL_.tEd for thc gee%" c_:: _elcctio_% a 7.5 hp iS

--.-,,---_--i-7.-.
requi_- _,or_po, er rcqu!rc_ae_'-Zs include t_cso itchY: 7.5 hp: IgO0 rpm_
required, Yl:e sclcctlon

and !+l_3 V - S phase.

A Generr.l Electric: Induction_ squir_'el cage, 440 volt_ 3 pl_qse, Type

K Tri Clad 700 li*tc motor _;as selected. These _otors an'/ starter units

were n do:_ntion to TI_ IP-_ivcrsit_] o_ Ari zona_ ileliabillt"y ?rogram to be used.... •,-,_, Testify3 i_cLi:tc. '_,,ev_otoc has a

on the C_r_bi_Icd Den,,_,.g a_t,lTors!c.l ,n_u-
:_D_% 213T fr:u_m. _n app::Opr!atc :_qg_'atiu starter, x.;ith p,lsh b_tton con_'ols

and the proper fuse% _._.sa(L%ptod to tl,e e_to_.

A "._3 V nDtor was selected over a "20 V r,wtor mainly because its cntire

motor-starte_ set _:P :;as less in cost. The part nu_>ers are indicated in-

D/N UfI_AS "-6700-D'033-

--_ __ cot-_te_" ?_Icctiou. - Several c_ k_tles_ _:ere su_%,eyed for an eigl_t
D_3 --_''__ _--: ...........7<-- of IL_00 r_a. Ik_ver there _:as not a single

digit r_ec,:.a,_:-c_,__--'....... ,'-,r-,_ mncho:_ical counters c_ue the cloJest, fu_

positive "x:_:,..x. ' ' e ].500 rF_a mc_hnnical counter uas oe!ectcl, _rt l'o.
eigh_ diglt_ _)orm ur_v ,
is I-II151S. _:e counter has a one-to-one gear ratio.

The ,-aecb._ical cosnter is driven _rom the _oto': slmf_. A _:I ratio ispositive drive

utillzod _o ::m!n_aiu .r._.counter :-:tt __n the design rpm., _ ,_d for the comzLcr L-y_:tem. Tlm Durnee ',,_od C_qtalog_

pulley system _:as _c_Ig ....
,'?o_Itive Drive Dcl_s, " _ms USE_ for the degig,_%.

r
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h

positive Drive _el_c_

Driver N_V_ 213T, 7.5 hp, 1800 rpm

Step-i Tablo 6.1 1,q_A'Deaign B

Class of Driver - II

Table 6.3 7_Ine ,jh:_fts• (;la_ ii

SF= 1.7

E_b!e 6.5 Continuou_ o_ratlon add 0.2

• 2Final service factor: = 1 o

Step-2 D_slgn tmrsepower of counter

TH

hp u_

Max. _tetlc torque for digital counter m I oz.-In.

hp = 63 000

(6./-+.1)

hp " 0.0009

Design hp = hp x

. (0.0009)([.9)

Design hp - 0.00171

Step-3 Table 6.1 Use design h? ,= 1/12

spee_ _ 1750 rp_

Select pitch " I/5

c,

Stop-4 Speed ratio - l

I_ was evident from the horsepower that any positive drive pulley _m/Id be

adequate for the task.

Selectlo_ of eu1!e_z

Driver: 30 _L037

Drlven: 60 XI/)37

,5Belt: _.20 XI_3?

f

, !
I

i

• ]i:i

I! L

I

:!

i
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Any center to contec distance was acceptable.

_3._9..f.r,.,_m__.,.,.The- base frnn_ was desigmed to hold the gear boxes and

provide a _ount for the Ioa,lin_ frame fulcrv_, DI:_ UAI,_A-6700-D-039, _%_o
sto_l_ _ide-flange beams were used for lozwsi tudinal support. _,_o more steel,

wlde-flange beams _t'c placed at each end to obtain the necessary height for

the loading frame. Tl_ese _,'o bca_s uezc bolted as sl_rn in D/N UAI_%_,-6700-

D-O09 •

There are three _unti;_g plates required for the base fringe, D/tl UANASA-

6700-D-010. _._ of tlm. plates xeere used to provide a surface for th8 gear

boxes. _q_e plates are bolted to the gear box, and the fringe and also welded

into position on the fringe. The third plate is used for an accesso_ mount

plats iu conJunctlou with the longing frame. Th_ plate provides a mount for

the fulct_m unit, restraining brackets for the horizontal link of the load-

ing meclmni,_n_ end a slot to limit the m_ount of _hip" in the loading mechan-

ism tlmt might be gererate$ during start up and .4hen the test specimen breaks.

In addltlo_t_ a restraining bridge w_s moun_d over each toolholder in order

to preveut exc_sslv_ _:l_ipplng ::hen a specimen breaks.

l_dtn2ufrf:-oi_, .- 'I_'.c loading fr_e consists of several locally manufactured

_arts along _ith soz_e co0m_rcial components. The design was based on the
amount of wclght tl-at has to be hu:_g on a Io.%ding bar to produce the required

bendit%g ,:_ent. To keep the weight low =ins lever arm prlnclpl_ was employed.

D/N Ut_l_;,-6700-D-004 is the ass_nbly drn_Ing for the loading frame. A bend-

Ins moment of 3540 In.-Ib. _ required from the loading fr_. To locate

the forces at th_ bcari_ l_u_i_# tl_ iollo_i_ at_alysls was ?erfoZm_d. %%_

material for deals n purpo_s wa_ e_%E C_015 x_ith a Sy 62 000 psi..

..... Bearings and housing: herical roller bearings with a tapered
-'_ _ mlsalignment were chosen. Two bearings

inside diameter and a maximum of
were required along with two adapter sleeves. The bearings are SI[F selected

from service catalog No. 450.

Te- _-z;--_'w'/ ...... _essed into a bearing housing, D/N UANASA-6700-

E-006. Or P
clamps. A gasket is placed between the housing and cup to prevent grease

leakage •

Structural Analysis of BearinL___

From Figure 6 -_O,
H.= Vl .......

"\ 1 =" 3.375
• -M- ;," 3540 "].n-lb

(6.4.13)

i _,

i
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I
I
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I
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o) UANASA TEST SPECIMEN

67OO- 13-OO2

3540

MOMENT

lin.-Ib.I
0

L

3.375

F-1200 lb.

/

b) LOA DI NG

FIGURE 6.7

FRAME

L

3.375 _--

F=12OOlb.

ANALYS IS

BENDING

LOADING FRAME ANALYSIS

AND TEST SPECIMEN

=

........ .._J ...........

MOMENT
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thereforo_

354_)

- _ F -,iO50 Ib This force will be conservatively
L_ .........................................

taken to be 12OQ lb.
; =

From Figure 6.S-_,3 _!r_B in tension,

F
m

am A

600

" (0(I/:0

(6.4.14)

O" _ 12>,3 psi

62
Factor oE Safety - 1.'--'2--

Factor of _f_ ty - 51.6

From Figure 6.g-e, lug in tension,

- 600 (6.4.14)

a = 160O ps£

62

Factor of Safety = 1.---6"m
33.8

The bolt _as a standard l_rdenel stecl shoulder" bolt that _uld fasten

tho horizontal llnk to th_ be,_rlng housing•

From Figure 6.9,

P
_m A

1200

0.O49

(6.4.15)

_ 24 500 p=i

SAE 2 bolt (63, p. 247) with proof load - 55 000 psi

Factor of Safoty
55

= ---- _ 2.04
24.5

_1 1̧ '

-222
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CIRCULAR SECTION

_ O.5"

1200 lb.

(a)

600 lb. 600 lb.

(b)

LUGS

600 tb.

_d)

0.5"

0.25"I"

(e)

J

mm

_ 4uq, m

J

(c)

I/4" DIA.

¸

I .

i

t

'i

F

i!

!

_i=,: i¢

r !if
: :=1 i _

F
r

f

FIGURE 6.8 BEARING HOUSING DIAGRAM
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1200 lb.

T

1200 lb. 1/4" DIA.

A = 0.049 in.z

BEARING HOUSING FASTENER
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}1orlzontal llnk: The horizontal llnk allows the required force

to be generated from a central polnt_ D/N UANASA-6700-B-013.

Structural ,'_naAA_slsof IIorlzontal Link

From Figure 6.10-a the point of maximum u_ment is at tha center o£ the
llnk.

Thon s Mc

I

M=FI

" (8.5) (1200)
M = I0 200 In-lb

c = 314" (6.4.16)

From Figure 6.10-bj

z = 1---12(b)O_3o " h31)

= _(1) (_) - ( )

I = 0.277 In. 4

(6.4.17)

2.14

0.277

= 27 700 psi 62

Factor of Safety = 27.---_"

Vertical links: The forces in the loading frame are transmitted through

two vertical llnks_ D/N UANASA-6700-B-014_ which are in tension.

sStructur_a.1/_alys!s- of Vertical Li_k

From Figure 6.11-b t

F 1200
cr ,= - = (6.4.14)

^ (1/2)(1)

e =' 2400 psi 62
Factor of _afety = 2.4 "

25.8

Link bolt:
2

of 0.755 in. .

The link bolts are 3/3 diameter SAE grade 2 bolts, with area

- !:i_

4 i%1

" Uq

;' P:t

i

,ii

i

i

4

' i
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r
0

MOMENT

0

17.30
I-
I"

o

8.65

L!

oi
12OO lb. _' 2400 lb. 1200

(a) BENDING MOMENT DIAGRAM

(b) SECTION AT MAXIMUM STRESS

lb.

/i

!_'iii

: : I J _

i

r

,i

:" L-,

i:

i;

!
!

i
i
i
i
I
'6

I

FIGURE 6.10 HORIZONTAL LINK DIAGRAM
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1-

!-

24 O0 lb. l

-_ LINK

24-OO lb.

©

BOLT

12001b.

_////////_±0.5"

4-- I.O"--tP

O

_1200 lb.

(O} VERTICAL LINK ASSEMBLY (b) SECTION-ONE LINK

!•

1
!

r,

L

FIGURE 6.11 VERTICAL LINK DIAGRAM
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Structural Analysis of Link Bolt

F
"C- -_ (6.4._5)

1200r .----_ _ (6.4.z8)

The strength of the bolt is given as 55 O00 psi (63, p. 2_7)

Factor Of Safety _-_'-

a

.....Loading lin_s The loading link was '_ Ls _ lever to hang
weights to produce the required bending _e_t. C_e e_ of the loading
link, D/M UAHASA-6700-B-016, has a receptacle _o h_l_ _e fulcrum block,

--D/N UAE_SA-6700-A-O17. The loading link was _si_ as followss

From Figure 6.12-a,

zMz - o (6.h.2o)

From Figure 6.12-b,

2(2_oo)- 38 w ; o

W- 126 lb.

_F-O

•w

RI - _oo - _

- o.765- .oil6

I - O.TO_B i.la&

iiii!

,.i!

1
i -



J

CL _R 2 = 2400 lb.

•,--- 2.0" ;_

), !'I

W

MOMENT R_

(in. lb.)

-4548-

(0) BENDING MOMENT DIAGRAM

t
0.75

_1 _" --_Ov

(

3.39

2.0"

(b) SECTION AT MAXIMUM MOMENT

7

i°:

i i

:=

i! !i

i_ il;
Lr ,

!;

i -

FIGURE 6.12 LOADING LINK DIAGRAM
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Then,
o = .... (6.4.16)

I

, .708

Fulcrum unit and blockt The fulcrum unit_ D/N UANASA-6700-B-_I2t

was the knife edge used as a pivot point for the lever azm. This unit mounts

on the accessory plate and can be moved. The fulcrum block, D, ,_ UA_-6700-

A-OIT_ was the receptacle for the fulcrum point.

.Eleg.tr!cal s_s.t__...:i - The electrical system provld_s for the teat machine
440 V_ 3 phase, 60 cycle po_mr to the owltchbox. From the swltchbox the

power goes to the motor. _ automatic shutdo_m circuit is utilized_ D/N UANASA-

6700-D-0037 to release power to the motor when the test specimen broaks. This

circuit taps one of tim 110 V lines of th_ w_-itchbox for its controlling p_r.

Indexer Flange_ -A mating unit lind to be designed to couple tl_ Inftnit o

Index'e-r-t'o_'t'the-Fal_--gear reduction units on the back shaft. The _atlns unit

was called an indexer flange,. D/_: U/U_ASA-6700-C-007 and Figure 6.13.

Calculations

2tm bending loads are negligible.

Shear stress in hub -_Ith keyway:

TLS S - TIL_S x _ear Ratio

= 5400 x 1.84

TLS s = 9950 in-lb

Tc
= ---- (6.4.4)

J

J

d4 (6.4.22)
32

But_

: J " 32 '_ "

!i

i

It

i;

i,

;r
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whe re:
d = 5 iu.
O

di = 3.D62 In.

(5": - 3.0624)

4
j= 52.7 in.

Subetitutlng_

. . 232.5_2L.
52.7

= 472 pui

62 = 131
Factor o£ Safety = 0.472

_ear stress in s_nk with hole:

Tc
J

(6.4.4)

3 = -'_ ( 1.8754 0"54)

4
3 = 1.21 in.

(6.4.22)

" 1.21-"

= 7700 psi

62
Factor of Sa£ety - 7._ ,= 8.6

Shear etre=s in bolt= in flange:

There are 6-3/8 - 24NF bolts used _h_n coupllng Elm flange to the Inflnlt-

Indexer.

6 F R = T (6.4.23)

F - (6)(1.44)

-_eproduced from_

est available copy.

F = 1150 Ib

?

A = 0.0dl in. 2

=

!!
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Utth g&E Grade

1150
't" ,, 0.!)80_)

z - 14 300 psi

2 bolt the proof load = 55 000 psi (62, p. 247).

55
Factor of Safety = 14.--'_= 3.88

Back s_£tZ The back shaft la the low speed shaft and only carries

torque. _ne A_ code for slmft anaty,_Is _:_ a(.l,erc_to.

Calculs_

wlmre:

Vd " _16 C_mM2 T_ ½ (62_ P" 478)(6"4"24)+Ct _

T = 9950 In-lb. - I0 000 in-lb.

C t - 1.0 (62 p. 478) rotating shaft - steady torque

/

d.=2 in.
t S

The bendln_moment _s negligiblej therefore consider 'C 142 m O.

16 ooo) ½,d=

_d = 6320 psi

_dSl_uld not bo greater tlmn th_ miler of:

_dALL - 0.30 Sy

or

TdALL = 0.18 sirT (62, p. 477)

Using SAE CI020, cold drawn steel with_

" ' i ¸ L

S - 79 000 I_sJ.
Y

Sl_ =80 000 psl

Reproclucecl frombesl available copy.

i

f::(._

I

v
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_dAnn = (o._8)(8o,ooo)

_rd__1_,= 14 400 psi

IZ:,400,, 2.26
Itactor of Safety " 6.3----7-

_erefo_ any mntorlal better than SAE CI020 i_ satisfactory.

_Ac_c_e_sor_ Co_nent=.-- Th_ follovlng compot_nt_ were manufactured but

do not. rc_qulre st_,Ictural annlysis.

I. Sllp ring buohlng

_. Slip ring bruslms mount

3. l_chan£cal countcr mount

4. Counter bushing

p;i



O'_ PTER 6.5

INSTRUMENTATION

r. ..General _.qui,,zne_t

Strain ga_es_.-Straln gage_ will bc used to meaBure the _tr_in'_ lu the

specimen induced l>y t_.. applied torque and bending =_nent. The strain gages

selected are of three Jynnz_Ic types, o_:e for torque, _a_d t_._ for beudlng

It is very difficult to place =t_'alu gages witldn the con_h:e._ of the

spec_uen groo_._ for all test _peci_ens. _ercfore n correlation will be de-

veloped between the groove of th_ test r,pec.i_en end tl'_=sl_Ink Qf the specimen

--_ L_idor for tl_ hend_ng reagent d_ta s thereby _,,t requiring st:ain gages in all

-_ _pecimen gro_;es. The =elected _train ga?.es are pre0ented In Eable 6.5.

Sl_p__KI_-Slipsrlngs are to be used as a means of brin_ing the strain

signal from the rotating _mqchlrery to carrier ampllfiers. TPm .Ge]eCte_l sllp

rlngs and tl_elr brushes are Breeze _%7-8005-A8. The nmnufacturer sugge,_ted this

slip z4.ng since it has a _xi_m _be_- of contacts per ring and Io_ electrical

noise. Fi_re 6.14 sl_¢s the strain gages, for torque asd bending n_m_nt,

and the sllp ring locations on the test _chine.

Lmpllfier-Cmlvau_eter-Recorder unlt.-:2_n the amqollfler-galvanometer-re-

corder unic was _elcc_ed_ selection s_arted with the anpllfier. By selecting

the ]lone:_el I }_oCel 119 carrier amplifier syot_ to amplify tbm strain signal

a cc_panlon set of galvanometers %_re rec_ded by the manufacturer, namely

the M1650 galvanon_t_r. Also when the galvanometers were selecteJ the manufac-

turer recommended the Model 906 C-I recorder. The advantage of this type of

selectlou of equipment was that each unit was matched to the other. Table 6.5

presents tl_ sel_cKed equipment.

o Calculations for Brldg_ Out:_ut

Brldge ou_pu___t_jq,r tor,K_q_gc_-tconventlo_ml arrange_en_ for dyumalc torque

measurements ,;as obtained from Perry and Lissner (63, p. 208). This arrangement,

slx)sa_ in Figure 6.15, compensates for temperature, eliminates effect_ of axial

and bending strains, and mlnlmlzes inaccuracies due to contact resistance varia-

tions •

Calcu la tlous

The strains in the adjacent legs are subtracted algebraically and In the

oppoelte legs are addcd algebraically. For an applied torque, the strains

_eproc[uce4 From
' [best availaSle copy. _

• .[ •
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Name

Metalfilm

strain

gages with
leads

Metal£1lm

strain

gago= _th
leads

Metalfilm

strain

gages _rlth
leads

Sllp rings
and brushes

Viscorder

@a Ivano-

meter

Part

N_mber

324B-190

3X4 -

MISE-240

C6-121-

R2¥C

AJ-8005-A_

906 C-i

H1650

119

l_anufacturer

The Budd Co.

Ins trur_nt s

Division

Catalog
Nmnbe r

BG 2400

II I!

Breeze Corp- 66SR

oration# Inc.

lloney_ell D-2009

" D-2007

" D'2005

6

2

2

1

1

1

rtemmrks

Bending

moment-

shank of

holder

Bending
moment

groove of

specLmen

Torque

Transfer

of data

Vlth grid

lin_ sys-

tem, 14
magnetic
assembly
clmnnel

0-5000 cps

Carrier

and linear/

integrating

system with
carrier

channels

0-5000 cps
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will be in proportion to the change in resistance of each gage or

-" (6.5.1)

-" (6.5.3)

Then the brldge output (BO) will be proportional to:

-" ¢- (-¢)+c- (-¢)

noT _ _ (6.5.5)

Equation (6.5.5) indicates that the brldgc ouput will be four tlm_s the
output of one strain gage.

For axial stralns_ the strains will be porportior_l to:

t.Ri A +¢ . i - 1, 2, 3, 4. (6.5.6)

_,us, axial strains wlll cancel out.

An estimation o£ the strain which a gage will measure was accomplished by

consi:.eri_ the stresses tl_t th_ toolholder _ould be subjected to_ se_ Figure
6.16. The m_ximum strain in 2-dlxaensional stress is

el= _ " Z

butj in this case

02 - -a I

IIowever in pure shQar

Substltutirtgj

OI - • numerically

¢I E

(6.s.8)

(6.5.9)
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_= =hear stress of the specln_'_ l_Ider was calculated, ol1_ce the torque
atrnin gage is _o,.:n;edon the holder.

J
(6.4.6)

Fr_ the calculatlons of the d_ign tocquc to _racture a _peclmet_,

T " 5_00 In- ]b
c ,,, 1 in.

for a cyli::_er_

_ (d 4 d 4) (6.4.22)J " "3"f

= _ (24 31254)

4
J "_ 2.28 in. (6.5.io)

_ 4200 psi

_ubstltute into Equation (6.5.9) for steel:

E- 30 x 106 psi

_= 0.27

.C!2ooj.o_.__O_ _ 10 -___6
_i m 30

_I _ 173 microln/In.

Vith four gages in t1_ bridge clrcult, the bridge output due to the torque
,._u I d be

BOT "%692,microin, In.

_Brld_e Output for bendlny, moment.°To get the desirable output from the

Itratn gages in response to a pure bending moment, they must be mounted and
•|_ctrlcally connected as shown in Fig. 6.17. Then for an applied torque, all

of the strain gages, Fig. 6.17, for bending moment will sense a strain of the

_'_ sign and because _I " ¢I ÷ _I " _I = 0 , the torsional strain outputs will

c_r_._| as they should. A similar argument holds for axial strain outputs and

t_l will cancel. The strain from the pure bending moment may be calculated
_$ follows:
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C_.Iculations

_ & -¢
4..

_I",4A -¢

Dora_ • ¢ -(-¢) + ¢-(-_)

r_3L_! _" 4 c

(6.5.xl)

(6.5.12)

(6.5.13)

(6.5.14)

(6.5.x5)

__ _train _hich a DaCe _ilI _easure can be ostimatcd by

t,_ re s

¢ ,_ .__ (6.5.17)
E

}Ic (6.4.16)

Frc_a tim desi,_x calculations for the fracturc of a specimen in bendir4_l

the required ma_ent is

I_u 3540 in-lb

(6.5.18)

and I- -J (6.5.19)
2

Subetitutir,_ the _n_er, _tmtlott (G.5.10_ into Equ_¢iou (6.5.19);

1.23 6
I _ -- --- " 0.64_" " In •

2

ul th

e= 1 In.

0.64

u 5550 psi (6.5.2o)

_bstltuti_ Equation (6.5.20) into Equation (6.5.17),

555,3
E

30 x I0°

• = 184 mlcrolnlln.
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then the bridge output due %o the bending moment would be

"-h(18 )

The maximum sensitivity of the amplifier can produce a full scale

deflection with a strain of 50 micro inches. The torque measurements

will utilize the recordir4 paper with the minimum at one side and the

maximum at the other elde. The sensitivity ratio is the measured strain
to the actual rated strain of the instrument for full scale deflection.

Then for maximum torque _train the eer_itivity ratio is 13.8. Similarly,

for maximum bending moment strains the sensitivity ratio is 29.2. These

are highly acceptable values because they will provide high accuracy o£

mea_uremBnt o£ both the bending and torsional stresses involved.

Machine Dra_ngs

Figures 6.18 and 6.19 show the overall machine. Figure 6.18 shows

%he front view of the complex-fatlgue reliability research machine and

Figure 6.19 shows the top view. The major components involved are identi-

fied al well am the width, height and length of these machines.
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II. Counter

12. Coupling

13. Safety Bridge
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18. Weights

19. Machine Mount

20. Floor Mounts
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CI_F_ER 6.6

COST _,LYS I.S

The total cost of the £atlgue test machtr_, so given in T_bl_ 6.6,

is $3572.95. This figure does not include the cost for the test specimens

and the instrumsntation external to the machine, presented in Chapter 6.5.

The University of Arizona fabrication cost figure is for the material and

labor of those compotmnts that needed to be manufactured. The cost of one

specimen of the type specified in Table 6.1 is $3.05. The total cost o£

the Instrumntat£on, external to the machine, as given in Table 6.7, is

$6728.00.
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T/_BLE 6.6

COST EfTIq.IAT.:" I=¢_R TEST }V:CII_JE

,':UPPL:E: COST

Bal_ 2 $75.00 $153.0G

C:'ll_'ts B::]._s Z 16.90 32.00

C-l_:: 3/4"

Cou_li_Z, _r_'t ufer- _a tl 2 43.00 40.00
shaft No. P

Beariaga: _o",_.22211 -C ( 2 21.00 42.00

loading

Beorlng E_.:-IZ x 2 2 3.00 6.00

adapter

Gear reducer a) Falk 2050 YI: I 1891.O3 1691.00

I <,'_sy. No. 28

I Assy. _o. 12

b) Coo!ik: tans

,,it|: _:._chuui t

=) Dril]e,i r_otor

bra2ket

d) F-_lk 6F coupling

248

t;o_;._ling, S£cr-Bath No. 3 I 94.00 94.00

back shaft

In ,:_.nl r- In4exer United .£l_e I 180.00 18(:.0(J

l_chinery }hn UI

Budd 37_4 5-190 I pkg.. _37.30 37.00

C6-121:L2VC I pkg. 7_.)O 7_.00

3X4}II 5E-2_'0 I pkg. I()O._,0 100. )0

_l£p rl-gs and Breeze I 131.00 131.00

brushe.s AJ-3005-,X3

Reproduced from _best available copy.
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TABLe. 6.6 - Continued

COST E,qTIIt_TF, I:T_R TEST }i_CltlI,Ig
lk_,qED 01l ONE K^C_III_E

TTK'_i

I-Bem._

3/3 in. :'late

gl,?ctcfc(a)

Ik)tor

Ibtor S_arter (a)

Counter

Revolu t£on

Lfmft L_._£tch

The Univers£ty
of Arizona

._.:e Unlversl t$,
of Arizona

Positive Drive

Pulley

Pulley
P_It

Paint

Hisccl!aneous

5olta_ Nuts

Lubrication

gpeclal Tools

Cp_nner %_rench

Crease gun

Crease fittings

TOTAL

SUPPL!ZI<

AND

26 °' x 36"

G.g. 5!_:13.',K202

G.E. C& I_?_

104 ._B\

Veedor R_ot

Series II151S

I:one_m I!
}ticro ,'_itch DZ ?31:

F_brication

55zq%U..!o..am_

2

I

1

Electrical Shop

_urkea-A._:oad

30::I,"337

60XL037

221)EU)37

Rust-olewm

1

aik_nated by General Electric Co., _ocnix, Arizona

CO'JT
PER

ITI_[

$ 13.00

45.65

3,00

w

TOTAL

CO_T

$ 26.00

16 .,)O

175.00

54.65

3.00

300.00

90.03

8.00

20.00

16.00

_3_,2.95
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TABLE 6.7

IgsolcRc_cordlng Honey_._11 906C-1650

Oscillog_mph

Grid Line ,_/stem

|Lfnlature 16-clmnnel

llaC_et -ass_ab ly

Su_lnL_ tuce
Onlvap, or_ter

Carrier A,_lif£er,
Basic system less
channels

Carrier clmnne ls

[_dal¢ IAn_graph

Direct print

paper
TOTAL

Ikmey_,,e 11 901343

lkmey_pell

llonny_sll H1650 2

llonay_ 11 }bdel 119

Model 119B-1 2

100338 20 bxo

270,00 _'_/o_
J

1600.00

800.00 _4-: _,;_

183.00

_)6728.00

I 2_0



CI_PCER 6,7

CONCUISZONS

The major effort as reported in this section was to design, develop, and

build a comblned-stress fatigue machine at _le University of Arizona. The

combined stresses being combined are those from reversed bending and steady

torque.

The initial design of the fatigue machine utilized a 1:1 gear ratio.

The gears and required equipment would have had to be special order items.

The required gear box was too large and the associated lubrication equipment

quite complicated. Therefore co_nercially available gear reduction units
were selected for this research application.

The initial design speed of the fati_.ue machine was 3600 rpm. Major

problems arose because of this high rpm. The gear reduction units became
extremely large and cumbersome, thus a lar_,e induction type motor (40 hp)

would have been required. With these facts in mind the rpm was reduced to

leO0.

four-square principle is used to apply the torque. The major advan-

tage of this principle is that the motor supplies only the losses present

within the gear reduction units,

The fatigue machine is capable of applying 150 000 psi of bending and

Ii0 000 psi of torslorLsl stress on a one-_mlf inch nominal diameter, SAg.

4340, cold drawn heat treated to Rockwell "C" 35/40 steel test specimen. The

combined-stress fatigue machine was designed for 5400 in-lb of torque and

3540 In-lb of bending moment.

The specimen is held by a set of collets. These collets are not capable

of holding the test specimen from slipping when the maximum amount of torque

is applied to the system. Therefore a keyway has been machined into each end

of the test specimen.

The major portion of this fatigue machine consists o£ commercially avail-

able, time tested components. Therefore the machine could be readily repro-

duced, and the cost is relatively inexpensive. The total cost of the Combined

Bending and Torsion Fatigue Machine for Reliability Research is less than

$3600.00.

TWo of these machines have already been built and instrumented and are

presently operating satisfactorily, except for sow problems encountered in

the mounting and reliable operation of the strain _ges.
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The fatigue machine designed for combined stresses closely aLl, fates

field conditions. However with certain modifications this fatigue machine

could come even closer to certain field conditions. Considerations for

redesign are as follows:

I. A method of shock loading the teat specimen to slmulate sudden

loads some shaft might undergo.

2. A method of varying the torque and the bending moment, during the

trust operation. These conditions should be varied simultaneously if main-

raining the same stress ratio is required.

3. Incorporate environments in _hich an actual shaft operates. For

example, if the shaft is operating at high temperature_ a means of heating
t[_ test specimen can be developed.

4. Locate a commercial collar that _uld hold steady torque in excess

of 6000 in-lb, thereby allovlng less machining on the test specimen than is

required at present.
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CHAPTER7.1

IMTRODUCTI ON

This project has a twofold objective. The first is to provide a

theory and methodology for designing by reliability in complex fatigue;

the second is to provide experimental determination of the required

strength surfaces, and, concurrently, a verification of the practicality
of the methodology.

The results which have been accomplished to date in theory and

methodology have been presented in Sections 1 through 5. The experi-
mental research equipment has been described in Section 6.

This section concentrates on describir_ the experimental research

program, the results obtained to date, their analysis and their conver-

sion to strength distributions. The direction of the second year' s
research effort is also presented.

c
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C_L_F__ 7.2

CALIBRATION OF RESEARCH E_UIPMENT

Required Calibration

Toolholder strain g_es.- In order to have confidence in the output
of the reco--rdin__ui_en_,'c_libratlon of the toolholder strain gages is

required. This calibration is necessary for both the bending and torsion

brid_es. By comparing the recorded strain output with the output expected
from theory, amy significant errors can be spotted.

Specimen grOove stress.- Also required for the testing program is a
calibration bst_en the s_ress level on the toolholder and the actual

stress level in the specimen grOove. Once this calibration has been

accomplished, there will exist a curve for predicting specimen stress vs.

toolholder strain. Then it -#ill no longer be necessary to measure the

actual stress in each specimen groove - a costly and time-consumlng step o_

The procedure used in calibration and the results to date are described
below.

CalibratioD Procedure

Toolholder bending gages.- The first step in the calibration program
was to_compUte_e-e_tra£n output from the toolholder due to the

dead weight of the loading frame and due to weights being applied at the
end of the loading linM. Although the calculation involved in such a

procedure will not lead to "exact" answers due to uncertainties about

lever arms, moduli of elasticity, etc., they will serve to point out any signi- _
ficant errors in instrumentation or gaging.

Figure 7.1 shows schematically the arrangement of the loading mechanism.

The weight of each item and the total weight are also shown. In Table 7.1

the expected strain from the loading frame and the weights on the end of

the loadirk_ link have been computed.

To compare the actual output from the bending strain gage bridge with
the output predicted in Table 7.1, tests were run on the machines and the

strain output was recorded with the instrumentation described in Section 6.

The recommendations of the Honeywell Company, as contained in their

Instruction Manuals (I) and (2)*, were adhered to in setting up, operating,
and calibrating the equipment.

a J,,a_

* Numbers in parenthesis refer to References at the end of this section.
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Weight

Item of Items _lb) No. of Items

Horiz. Link 7,8:

V_t. Link . 1.3
q, .

_'g.:. R/n8 - k.2

Br'g. Ass'y, 2.6

Lo=_ng_ 22.5

I

2

2

2

1

Total Weight (lb)

7.8

2.6

8.5

5.2

22.5

6. _o_inz Pan 1.5

7. Toolholder 9.0

1

2

FIGURE 7ol MDMENT ON SPECIMEN CALCULATED FROM WEIGHT OF LOADING

BAR, LOADING BZAR/NGS, WE]DIITS ON PAN, ETC.
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TAmE 7.1

EXP_ STRAIN O_ TIXEIKE/)_ DUE TO DEAD WEI(RT
OF LOADING FRAME AND WEIGHTS APPLIED TH_

ITEM

,, ,i ii

I- Boriz. Link

2. Vert. Links

3- Br'g.
4. Br'_. Ass'y,
5. Load. Bar
6. Loa_. Pan

WEIGHT
(lb)

LEV_E LOAD P LOAD F TOOLIK_D_
FACTOR (ib) (Ib) MOM_T

.... (_-lb)

Moments Due To Frame Items

7.8 i.o 7.8
2.6 - 1.0 2.6
4.2 -- --
2.6 -- --
22.5 9.5 213.0
z.5 19.o _28,5

TOOLHOLDER
S_23S
(nsl)

3.9 17.6 27.6

1.3 5.9 9.2

4.2 _ 18.9 29.6
2.6 11.7 18.3

106.5 4?9.0 749.0
11t.25 6h.2 i00.1

T(X)L_ER
STRAI_

(_ i_/in)....

0.93
0.31
0.99
O.61

25.oo

Z. 2.5 Ib,_ w_,

2. 5.o lb. _.
3. lOlb. wt.
4. 25 lb. wt.
5. 5olb._.

_W_ments Due To Additional Weights, On Loadln_"Pan
, i,

2.5 19.o _?L5 23.?5 lO7.O
5.0 19.O '95,0 _ 47.5 214.0

1o.o 19.o 19o.0 95.o 426.0
25.0 19.0 h75.0 237.5 I070.0

50.0 19.o 95o.0 h75.o 218o.o

167.o 5.57
33b.o 11.1o
665 .o 21.80
167o.o ' 55.57
33_o.o 111.oo



Machine No. 1 was calibrated first in the following wayl A recording

of strain output was made with a specimen (and thus the toolholder) sub-

Jected to the dead weight of the loading frame alone. Next, a 2 i/2-pound
weight was put on the loading pan, and another recordin_ was lade.

Recordings were then made with increasing increments of 2 I/2*pounds of

load up to twenty-five pounds, and then with decreasing increments of 2 1/2

pounds back down to the dead weight of the loading frame. The above process
was repeated three times and the results were plotted as shown in Figure 7.2.

This ourve shows that the measured strain agrees with that e_ected

from theory very w_ll, the maximum deviation being about 7_ in/in. Also,

the reproducability of the data is quite good. The data in most cases is

within a band which is + 2.5 _ in/in from the mean value. It was felt

that the vlsicorder reco-rdings could not be read any closer than this.

In Figure 7.3, the calibration curve of the mean values of Figure 7.2

is shown. Here the mean values are all well within the _+ 2.5p- in/in

deviation, and the curve shows good linearity. This is the calibration

curve for Machine No. I, relating the load on the lo_ding pan to the

expected strain output in _ in/in from the bending bridge.

The above calibration scheme was repeated again for Machine No. 2.

Figure 7.4 shows the final results, the mean of six values, plotted for

Machine No. 2 and compared with Machine No. I. Several conclusions can

be drawn from this figurel

I. Both machines agree quite well with the output expected from

theory.

2. The machines are very nearly identical.

between them being 1.51 _c in/in.

The average difference

3. Both machines show a linear relation between strain output and

load on the loading pan, and the slopes of these lines for both machines

are essentially identical.

During the testiz_ program it was found that a shorter loading bar

would be required in order to produce lower stress levels. The above

program was repeated 0_n both machines for the short loading bar. The
results are shown inFigures 7.5, 7.6, and 7.7. The results and conclu-
sions for these figures are much the same as those given above.

Calibration of stress in specimen groove.- Once the strain in the

toolhoicer 0_cJm_ _rlc_e !s ceter_inec, the major concern becomes that

of determining the specimen stress. Theoretically, expected values of

specimen stress can be calculated from the known toolholder strain. The
toolholder strain can be converted to toolholder stress, and the tool-

holder moment can be calculated from the toolholder stress. Since the

moment on the toolholder and the moment on the specimen are the same, the

265

!



IOO

........U ''''_'_ _'m
i_ _il

O

9o

80

7O

60

5o

_O

O

f

Expected spread

due to reading

output- 5 _ in/i.

O

Expected frc_
theory- Table 7.1

o Trial No. 1

A Trial No. 2

O Trial No. 3

f Calibration Specimens

No. 211

No. I0

NOo 201

No. 389

5

FI_3_E 7.2

lO 15 20 25 30

Load oa pan - Ibo

STRAIN RECORDED FROM BEND]I_G BRIDGE VS LOAD ON LOADING PAN FOR MACHINE NO. i

(LON'J LEVER ARM)
('



f_J

C_
-.j

M

!

O

O

O

u_

175-

u

125--

lO0--

a

N

75-

0 -

!

:_ ,7o

.5

.50
0

o

, •i_,_̧_

_.j '"

FIO_E 7.3

!

a

__@ • 12o5 lb.

o 2o 3o
i

Load on pan - Ibo

MEAN VALUES OF TEST DATA SHOWN IN FIGURE 7.2 PLOTTED _S LOAD ON PAN FOR MACHINE NO. 1

STRESS IN SPECIMEN GROOVE IS ALSO SHDWN ON ORDLNATE

(LOttOLEV_ _)



I||lJlllll m

._ 175

, i

0

w .

I00--

75-

d_ TM

F_URE 7._

90
l,J

/

I
/

#

f
f

o

o

a

cr_

8O /
f

/
/

70

60

5o

40

l
I

f
t

O

/
l

r _,ql$

/

Machine No, 1

/

l
4"

/
f

/
l

/

J
#

f

Ha._ No. 2

s'
J

S
s

/
J

f
t

s

<>

l,J &

r,l

Expected from %hsm-y -
_able 7.1

m

2,J " Mean strain
for loading

- Average value of all

the _ of strain
about the mean point

Range - emax - 6m_n

m

n

6 r,2" 2.35_ i_/i.,Machine No. '

3O

o 5 io _5 _o 25 3o
Load on pan - Ib,

CALIBRATION CURVES FOR MACH'INF_ I AND 2 BASED ON MEAN VALUE OF SIX OBSERVATIONS PER POINT.
_ oN _oo_omm AND _ INS_C_ GROOVE_ _0_ ON _ AREO_V_

(LONGL_ER A_)



I
I
I
I
I
I

|

',_ 0 0 0 0

j F-r--r-i , ! ,

!

0

'' ' |_'' ' 1''' ' I''' ' I''

i !0
o,_

!

o

0

t",-,

' '-I
f_

0

O00"E x T_'C[ - tc,_xzzT'0_T,e,TO _e.oo_ zz']: _ee, z,_

269 /I,



6O

!

,, 30 ......

5o i 20

10

0

M m M B 411 B

_an of four olmer_t:Lmm
per point

0

FIGURE 7.6

! I I ! I I i I

10 20 30 40 50 60

Load on pan - lb.

S_IN IN TOOLHOLDER OF _CHINE NO. 2 FS LO_D ON PAN OF SHOMr LEVER ARM



I
I

!

!

0

271



b

|

a_ectmen stresm and strain can be calculated from theory as follows8

_y • static analysis of Figure 7.1, the equation relating the weight

c_ the loading pan to the moment on the specimen is

Ms - 207 + 21.4w

with the short lever arm, and

(7.2.z)

M1 - 597.3 "- 42.7 w (7.2.2)

with the lon_ lever arm, where

M - moment on the specimen in In-lb.

and

w - weight on the loading pan in lb.

By using the bending stress formula, and the geometry of the specimen

as given in drawing No. UANASA-67OO-B-OO2, the bendin_ stresses in the

mpeclmen groove can be related to the moment, M, by

pec.

where

d3
z/c - "3'F" o.o122 _3

d - 0._78 in (as per received specimens)

Kt - 1.41 (as per received specimens)

|

|

|

|

so that

Cfsp_.. n5.5 M (?.2.3)

This equation gives the relationship between the stress in the specimen

groove and the moment on the toolholder; which moment is equal to the

moment on the specimen.

Combining Equations (7.2.1), (7.2.2) and (7.2.3) gives

_spec." n_;._; (2o7 ÷ 21.4 v)

= 23,800 + 2,460 w (v.2._)



m
=

m

the mhort lever arm, and

O_spec. - 115.5 (597.3 + 22.7 w)

for the lon_ lever arm.

- 68,900 + _,920 w (7.2.5)

The specimen strain is related to the specimen _cresa by the formula

Es- -_Z_ (7.2.6)

The toolholder bending stresses can be related to the moment, M, on

the Bpecimen or toolholder by

which reduces to

32xMx2

0"_o I - 1.._ M (7.2.7)

Then the toolholder strain, which is the strain being monitored by
the instrumentation, is given by •

oP

i £e obtained.

(7.2.8)

By combinir_ Equations (7.2.3) and (7.2.7)the relation
a-

_apeo. " _ (_tool

i

(_spec. " 73.80'tool (7.2.9)

i
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Then by the use of Equations (7.2.6) and (7.2.8), it is seen that

Etool

6=peo" - 73.8 6tooZ
speo.

S_e E, the Toung's Modulas, for all alloy steels at room temperature

is about the same and around 30 x 106

 upeo. " 73.8 tool (7.2.9)

The results of such calculations are shown in Table 7.2. These expected

values can then be compared with the actual strain output as measured with
the strain gagem and the associated instrumentation.

To measure the actual strain in the specimen groove, I/6_-in. gage
length strain gages were mounted in the specimen groove. The method of

mounting these ga_es is shown in Figure 7.8. The results of a limited

testing program are shown in Figure 7.9. Specimen 38 in Machine No. 2

gave results within 90_ in/in of the theoretical, which is quite good.

Specimen 79 in Machine No. 1 shows a large discrepancy between observed

values and theory. This my be attributed to misalignment of the gages,

failure to glue the gages in the exact bottom of the groove, insecure

bonding of the gages, or other. Several other specimens were also inatru-

muted and run, but these specimens failed before any useful data could

be obtained. These failures are attributed to the fact that the gages,
in the specimen groove, are forced to fit a compound curvature. This

places severe stresses on the gage-to-carrier bond. Examination of the

gages also showed that they were buckling, or "crinkling-up. off of their

carriers. For these reasons, this portion of the calibration program
was discontinued until satisfactory gages and mounting procedures can be

found. Different type gages (IxlMISEC6 foil gage with d_namio leads)

have been ordered and will be used to satisfactorily complete this phase
of the research.

Calibration of torque bridge.- The torsion strain gage bridge has

not as yet been calibrated. Such calibration will be accomplished in
the near future.
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TAm_ 7.2

EIPECTED SPECIMEN STRAIN LEVEL

FOR A QIVEN TOOLHOLDER STRAIN LEVEL

I

I

I

I

I

I

_c_E_ _x_.omm Tooum_m sm_i_ sm_I___
_m STRESS _T _s STRAIN

_ In/in) (psi) ,,(in-lb) Cpsl) (/t In/_.in)

_0 900 575 66,000 2200

35 1050 672 77,200 2570

1_0 1200 770 88,O00 2930

h5 1350 8d4 i00,000 3330

15oo 96o 11o,o00 367o

55 165o 1060 121,000 _O30

60 18OO 1150 132,ooo _oo

65 1950 1250 i_3,500 _780
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7.3

TEST FLAN

Data Requirements

The objective of the testing program is to determine three-dimensional

Goodman diagrams such as the one shown in Figure 3.6. To obtain these

Goodman diagrams, the testing program described in Chapter 3.3 should be

used. Data is needed on life distributions at various stress levels and

stress ratios, as previously described.

This testing program is currently in progress at The University of

Arizona. A summary of the required data and the degree of completion of

the test program indicated is given in Table 7.3. "_rnenall of this data

is obtainedp the three-dimensional Goodman diagrams(at various life cycles)
will be known for the test material in its configuration, as described in

Chapter 6.4 and Drawing UANASA-6700-B-O02. In addition to this specific

knowledge, a demonstration of the practicality and applicability of the

methodology described in this report will have been accomplished.

The minimum number of specimens required for this progrmm has been

estimated in Chapter 3.3 as 648 specimens. This number of specimens will

be tested in The University of Arizona' s current program. Currently,

about i00 specimens have been tested.

Data Sheet

The data sheet used in the testing program is shown in Figure 7.10_
The columns in the data sheet are used as follows:

Test Number The number of the test being

conducted is entered serially,

beginning with number one and
continuing through number 648.

Specimen Serial
Number Each specimen serial number is

entered. The order in which

the specimens are being tested

has been predetermined by a

random selection process which

will be explained later in
this section.
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STRESS LEV£_I_ AND STRESS RATIOS*

OF THE UNIVERSITY OF ARIZONA TESTING PROGRAM

Stress

Stress_ ti°

Level _

(psi)

oo _ 2 1 ½ % o

P11, 600 P -

167,300 C -

142,700 C P -

118,100 C P P - - ,-

i00,900 P P P P - -

8-5,000 'IP p p p L_[ .

6-_2000 - P P P P -

50,000 - p "P:. e P ,:--_-

35_000 - - - P P P
i

_20,000 .... P P

!o,ooo .... p P
5,000 - - - -l - •

m =

0

u

C = Completed IP = In Progress P = Planned

* These stress levels are subject to change based on trends

to be indicated by new test results which will be obtained

during thi_ research.
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Stress Level

Stress Ratio

Machine Number

Estimated Failure

Cycles

Date

Start Time

Estimated Failure

Time

Cycles at Failure

Visicorder Run

Observer Tes t

Remarks

The mean and alternating stresses

at which the specimen is being

tested are entered.

The stress ratio of the alter-

natin_ stress to the mean stress
for the test is entered.

The number of the machine used

is entered.

This can be estimated from previous

data or theory, and entered.

Date of test is entered.

The starting time of the test
is entered.

T_is can be determined from the

estimated cycles to failure and

entered.

The actual number of cycles that

the specimen ran before failing
are re corded here at the end of

the test.

If a visicorder trace is made

for the test, the number of the
trace is entered.

The initials of the person con-

ductin_ the test are entered.

Specific observations made by the

person conducting the tests are
entered, including machine operat-

ing condition, excessive specimen
vibration, if test acceptable, etc.

!

This data provides the information required to determine the life

distribution by a computer progrs_.

Once a number of these life distributions have been generated, the

three-dimensional Goodman diagram can be determined.
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Random Sampling

Each test specimen is numbered consecutively when received. The

_e: p_eces are then entered in the Specimen Serial No. column in a

j_._Ised manner. A book entitled "A Million Random Digits" (3) is
_e_ to aelect the test piece to be tested firstp second, etc.. It is

e_-v_le _ randomize the specimens within one and the ssme S-N

41agraa! 8o that the generated data can be analyzed for that one S-N

_Aa4raa without having to wait for all S-N diagrams to be developed.

Summary

The test program being conducted at The University of Arizona has

described. The test results obtained to date will be discussed in

_Am next chapter.

!



7.h

TEST RESULTS

i -_-_-_

Digital Computer Pro£rems
for Reduction of Data

Programs for life distributions.- Two digital computer programs have been

devel_p--edfor the analysis of cycles-to-failure data at any stress level.

?hess are given in Appendix B. One program computes the mean and standard

deviation for the normal distribution, and gives the Chi-square goodness

of fit value with its as'-----sociatoddegrees o£ freedom. The other program

computes the log mean and log standard deviation for the lognormal distri-
bution fit, and gives the Chi-square goodness of fit value with its

associated degrees of freedom. The cycles-to-failure data at each stress

bevel is entered into each program. Based on the results, a decision can

be made as to whether the life distributions fit the normal or the log-

normal distribution best.

The inputs into each program are the same, and consist of

I. The stress level at which the test was run.

2. The number of specimens tested at this stress level.

3. The number of cycles to failure observed for each specimen,

in any order.

The outputs from the computer programs are identdcal, and consist of

I. Number of specimens.

2. Stress level.

3. Mean (or log mean).

_. Standard deviation (or log standard deviation).

5. Skewness,

6. Kurtosis.

7. Upper and lower limits of the mean (or log mean) and
standard deviation (or log standard deviation) at a 95%

confidence level.

@ The Chi-square goodness of fit valueto the normal (or

lognonnal) distribution with the associated degrees of
freedom.
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After the data is processed by these two programs, a decision can be

made as to which distribution, normal or lognormal, is most appropriate.

Pro_r_s for stren_ distribution.- Two computer programs also have

been _veloped for the conver_n o-£l'_fe distributions to strength dis-
tributions for a given stress ratio. This conversion is described in

Chapter 3.3 and depicted in Figure 3.5. l"nese programs are given in

Appendix C. One progrsm results in a normal strength distribution and
the other results in a lognormal strength distribution. The means and

standard deviations are given, as _sll as the Chi-square goodness of fit

value with associated degrees of freedom. The strength distributions

are computed at various life cycles, the interval used between cycles is

at the discretion of the programmer.

The inputs to each progrsm are the same, and consist of

l. The number of life distributions being used.

2. The interpolation step between distributions in psi.

3. The stress levels at which life distributions were taken.

4. The calculated mean (or log mean) and standard deviation

(or leg standard deviation) for each life distribution.

_. The number of specimens tested at each stress level.

6. The starting point in log cycles for which strength distri-

butions are desired.

7. The increment in log cycles for which strength distributions

are required.

The outputs fr_n the programs are identical, and contain

1. The mean (or log mean) and standard deviation (or log
standard deviation) of the strength at each life cycle

specified by the input.

2. The upper and lower values of the above at the 95% confidence

level.

3. The Chi-square goodness of fit value with the associated

degrees of freedc_ for each strength distribution.

Based on the output from these programs, a decision can be made as

as to _&ether normal or lognormal strength distributions best fit the

data. Also, three-dimensional Goodman diagrams can now be constructed

for specified numbers of llfe cycles, based on output from the above



programs for a number of different stress ratios. Thus the cycle from

the procurement of cycles-to-failure data to the generation of three-

dimensional Goodman diagrams is completed.

It should be noted in connection with the computer programs for

converting life distributions to strength distributions, that the follow-

ing fo_r combinations are possibles

Life Distribution

(Input)
Strength Distribution

(outp. t.

normal normal

normal iognormal
lognormal normal

lognormal lognormal

The results of using these programs on the data obtained to date
will be discussed next.

Results for Life Distributions

Life distributions have been found for three stress levels for the

stress ratio of Sa/S m -oo, as shown in Table 7.3. The results of the

computer runs for these stress levels are shown in Table 7.h for both the

normal and lognormal distribution.

These results can be used to plot an 8-N diagram as shown in Figure

7.11. From this figure it can be seen that the slope of the actual S-N

diagram is very near to that predicted by the Shlgley method as deacrlbed

in Section 6. However, the actual strength levels as determined by test

are substantially higher than the theoretical. The following explanations
to this apparent difference between theory and experiment were sought s

I. Improper application of the stress concentration factor in the
theoretical determination of the endurance strength (Section 6) and in the

calibration equation given earlier in this section.

2. Nhch higher actual strength in a grooved specimen of this material

than published data in Reference 60 (Code 1206, p. i), Section 6, indicates.

The first explanation was explored by reviewing the results in Table

7.2 and Figure 7.9. The specimen stress calculations contain a stress con-

centration of I._i in bending. If this were inapplicable and the calculations

were wrong, a significant discrepancy between the theoretical specimen stress

and the calibrated stress should have been obtained. In Figure 7.9 the

theoretically calculated stress in the specimen groove is larger than that
obtained from strain gages, but by only 2,700 psi. This cannot explain the
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psi

167,300

142,700

118,100

RESULTS OF _ RUNS FII"H_ CYCLE_TO-FAILURE
DATA TO HOIt's,AL AND LOGNOI_b_I, DZSTI_BUTIONS

cycles

9,029

!22,171

77,977

Normal Distribution

Standard

Deviation

cycles

995

.3,708

12,195

Skewness

-0.247

-0.042

0.873

Kurtosis

1.995

1.855

3.o60

Chi _

Square
Fit

Value

l._

o.787

4.637

Degrees
of

Freedom

2

3

Lognormal Distribution

Log Log
Mean Standard

Deviation

log

cycles log

cycles

3.952 0.049

4.339 0.074

_.887 0.067

Skewness

-O.h07

-0.265

0.5?5

Kurtosi s

2.123

1.945

a.696

C_w

Square
Fit

Value

2.169

O.TI3

0.526

Degrees
of

Freedom

2

2
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260,000 - 142,O00 " 118,OOO psi difference (82% of lh2,0OO), at 103 cycles,

An the strength curves in Figure 7.9. A more extensive determination of

the actual specimen-groove stress by better strain ga_es will be made to

verlf7 the preliminary results of Figure 7.9. If Figure 7.9 is verified,

then the validity of the stress concentration factor application at its

chosen magnitude will have been ascertained.

The determination of the 8-N diagram by the method recommended by

_hlgley has been accepted by many authorities. There is the possibility,
however, that the recon_ended conversion of the theoretical stress concen-

tration factor, as determined by photoelasticity, to the actual stress
concentration factor may not be applicable to this specimen material and

geometry under fatigue conditions. The same m_y apply for the other factors,
r_mely, the size and surface finish factors. This points out the possible

inadequacy of the available data on these important design factors for

SAg 4340 steel, condition C-h# heat treated to Rc 35/40.

i .....

l

|

|

The second explanation may also shed light on the queries raised

previously. This aspect was explored by subjecting five specimens to a
tensile test. These specimens had a diameter at the base of the groove

of 0.499 in. and an area at this section of O.195 in2.. The following

-Itimate loads were obtaineds 47,100, 27,900, 28,?00, _7,900 and 47,900 lb.

with a mean of 27,500 lb. and a range of 1,6OO lb.. The ultimate strengths,

Suit, should be given by

s t- Ia _P
A

where

Ka = actual stress concentration factor in direct tension

P = ultimate load, lb.

A - actual sectional area of specimen at ultimate load, in2.

All five specimens exhibited hardly any necking and a substantially brittle

fracture because of the existing groove in the specimens. To get Sul t, the

actual value of K needs to be known. Design books state that for brittle
&

materials subjected to static loading the stress concentration factor can

only be determined by experiment, and that theoretical stress concentration

factors do not apply. Nevertheless, the actual stress concentration factor

should not exceed the theoretical. Consequently, the upper limit of Sul t

will be that obtained when using the theoretical stress concentration factor,
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vhlch for the geometry of these test specimens with a d/D - 0.685 and

r/D " O.198, is 1.60 in direct tension. The lower limit of S It will

be that obtained with a stress concentration factor equal to i.OO. These

conSiderations give the following values for Sult z

Sul t maximum = 1.60 x

= 390,OOOpsi

Sul t minimum - I.OO x

- 2_3,OOOpsi

The S-N diagram's strength value at 103 cycles is customarily taken to

be 90% of the static ultimate strength. Consequently, the starting

strengthvel_e of the S-N diagram, S , will be between
s

Ss maximum " 0.90 x 390,000 " 350,000 psi
/

and

Ss minimum - 0.90 x 223,000 " 218,000 psi

The experimental S-N diagram based on the data obtained so far gives

an Ss value of 260,000 psi, which corresponds to an actual stress concert-

tration factor, Ia, of

Sult x A Ss x A

Ka - P - 0,gb _r

260_000 x 0.19_
" 6.90 x 47,500

- 1.19

This value is reasonable and within the range of 1.00 and 1.60 predicted

before. The validity of these findings will be ascertained by the second-

year effort, during which period more test data will be generated.
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Results for Strer_th Dlstributionm

At the present time, there is not enough test data to enable the

conversion of the life distributions to strength distribations. The

necessary data is bein_ obtained under the present testing program.

Endurance Limit

The determination of the endurance limit of the specimen requires a

slightly different method than that described in Chapter 3.3. Basically,

the tests must be concentrated around the endurance limit. The foll.owlng

methods exist for the determination of the endurance limltl

1.  obit (b,p. 8)
2. Staircase method (4, p. 9)

•3. Modified Staircase method (h, p. I0)

4. Step method (4, p. ii)

5. Prot method (4, P. 12 )

From these methods the choice was qaickly narrowed to the Probit and

the Staircase methods (t_e Modified Staircase method is included as part

of the Staircase method) since Method h may introduce errors dae to the

'coaxing" of the material and P_thod 5 will give more uncertain results

than Methods I, 2 or 3. Table 7.5 shows a comparison of the remaining two

methods, with the preferred Staircase method. Actually, since the testing

will be split among two machines, the Modified Staircase method will be

Uged.

In the Modified Staircase method a specimen is tested at what is thought

to be the endurance limit. If the specimen fails, the stress is lowered

one increment and the next specimen is tested. If the specimen does not

fail, the stress is increased one increment and the next specimen is tested.

A wpecimen is a ,no-failure" specimen if it runs 107 cycles. One increment

is 8% of the estimated endurance limit. Analysis of tlm data is given in

reference (4, Section VI).

This method is currently being used at The University of Arizona to

obtain the endurance limit for a stress ratio of Sa/S m -oo. These tests

will be conducted for the other stress ratios also.

A discussion of the test results obtained to date is given in the next

chapter.
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COMPARISON OF TESTING METH(DS

FOR ENDURANCE LIMIT

Staircase

Number

of

Specimens

50@

3o*

Total Time

per
Endurance

Limit

52 days

(2 roach.)

Advantages

More accurate

Disadvantages

More specimens

;Longer time

Fewer specimens
Shorter time

Advance knowledge of

mean not required

Comments

Preferred method

, 'A Tentative Guide for Fatigue Testing and the Analysis of Fatigue Data", ASTM,

Philadelphia, Pa., 1958, 80 pp.

w

|
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IKSCUSSION OF RESULTS

Life Distributions

Normal vs. Lognormal

The results of the Chi-square goodness 0f fit tests from the testing

program to date are susmarized in Table 7.6.

These results indicate that the normal distribution is preferred at the

167,3OO and 142,700_ psi stress levels. The logj_ormal distribution is preferred

at the I18,10_[ psi stress level. As discussed in Chapter 2.2, it is generally

thought that life distributions will be skewed, and thus they should fit the

lognormal distribution better than the normal. However, it should also be
noted that the higher stress levels approach the area of low-cycle fatigue and

static failure. Static strength distributions are usually normal. Therefore,

the normal distribution may be the best for tests at higher stress levels.

Further testing will provide a better basis for deciding between the normal

and lo_ormal distributions. Also, it would be informative to test mere than

18 specimens at each stress level in order to get a more significant Chi-square

test.

Strength Distributions

Normal Vs. Lognormal

Currently there is no data to support a decision as to whether the strength
distributions from this research will be described best by the normal or the

lognormal distribution. Generally, they are treated in the literature as normal.

In particularp Smith (5) has analyzed large amounts of data on sbeel wires and
has found the normal distribution to give the best fit. Verification of results

from this project must await the completion of tests now in progress.

Adequacy of Data and Data Processing Methods

The nature of the data being obtained and the testing program being cur-

rently pursued indicate that the desired results outlined in Table 7.3 will be

obtained successfully.

i! The computer programs for data processing have been found to be adequate

for constructing the three-dimensional Goodman diagrams which are required for
the design by reliability methodology.

The results to date are following expected patterns except for the higher

strength exhibited by the specimen material in its present geometry. No major
difficulties have been encountered and hopefully none are expected.
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TABLE 7.6

SUMMARY OF CHI-SQUARE GOODNESS OF FIT

RESULTS FOR CYCLES-TO-FAILURE DISTRIBUTIONS

Stress mstribution Chi- Degrees Level *

Level Square of of
Fit Freedom Significance

psi -Value

167,300 nor_l i. 382 2 0.50

167,300 lognormal 2.169 2 O. 66

_2,7oo noraal 0.787 3 0.15

I_2,7OO lognonaal 0.713 2 0.30
I

118,1OO nomal h.637 3 0.80

118,1OO lognona_l 0.526 3 O.18

/

n

* The level of significance indicates the relative probability of

a discrepancy between the test data and the distribution. Therefore_

a low level of significance is indicative of a better fit.

,k
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CONCLUSIONS AND RECG_ATIONS

Conclusions

The research equipment and instrumentation used in this testi_ program

have been assembled and calibrated and are working satisfactorily. The test

plan, described in this section, is new being used to generate the three-
dimensional Goodman diagrams which are necessary for the design by reliability

methodology.

Although the results generated to date do not Justify drawing final con-

clusions about the datap it can definitely be stated that the progrsm is working

and that the capability does exist for obtaining the desired results.

Procedures and pregrams for reducing data now exist and are quite adequate.

The successful completion or the testing progrsm is merely a matter of

time. The necessary data is new being accumulated.

Recommendations

The following recommemdations are made regarding the testing programs

I. Complete the current test progrsm as outlined in Table 7.3.

2. Complete the fabrication of test Machine No. 3 in order to

obtain the required data faster.

. Investigate furtherp by more thorough testing, the nature
of the life distributions, and subsequently, the strength

distributions.

Begin to plan for similar tests to be run on specimens of
different materials, or on specimens with different stress

concentrations_ or on specimens under different environ-

mental conditions, as needed to develop the methodology.
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SECTION 8

O_ CONCLUSIDNS

The design-by-reliability methodology is found to remove the major

objection to the cm_wntional non-probabilistic design methodology, w_ere_y
not only the geometry and material of a part are established, but also

the degree of success of such a design at the design stage, namely its

reliability. The design-by-reliability methodology recognizes that each

parameter entering the failure-governing stress and the failure-governing
strength may be a random variable, and consequently distributed. It

follows than that the failure-governlng stress and strength are themselves

&ist_ibuted as opposed to conventional design where they are co_gid_red

as having discrete values. Sufficient tools have been presented in this

report to show that the probability of successful function of a designed

part can be calculated and thus the true integrity of the designed part
d_ (Sectlon I).

|

I

In the determination of the failure-governing stress and strength

distributions of the various failure-governing strength criteria for alloy

steels, the distortion-energy criterion is found to apply best in case of

fatigue with the maximum shear stress criterion a secondary alternative.

Nevertheless, to determine the quantitative reliabilities precisely enough
substantial refinements are necessary in _he determination of the true

failure-governir_ strength distributions, be they based on the distortion

energy or the maximum shear stress theories of failure. One refineaent

is the requirement that failure-governing str_ surfaces be determined

rather than simplifications such as in the form of modified Goodman diagram.

Such simplifications distort the failure-governlng strength picture and,

unfortunately, drive the design further _ from the optimum usually,
though not necessarily always, towards the own'-des_ned direction (Section

i).

A great scarcity of data on the distributions of stress and st_t,h
parameters is found to exist today. Major efforts need to be expended for

thelr a_as_t_oa (Section X).

Another major need in the determination of the failure-governing

stress and strength distributions is the s_mthesis of the distributions of

the parameters involved into _hese di_ibutions_ once the functional

relationships bet_men the failure-governlng stress and strength and their

parameters are established. It is found that there are seven promising

analytical methods for acc_ such synthsses_ _mely:

I. The Algebra of Normal Functions

2. Change of Yariahle

: Precedingpageblank
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3. Moment Generating Function

4. Fourier Transform, Convolution, and Inversion

_. Mellin Transform, Convolutiun_ and Inversion

6. CharacterlsticFunctlon

7. Cumulative nistrlbution Function

l

The conditions of applicability of these methods indicate that the majority

of the required syntl_ses can be achieved; however, much additional analytical

r_search is required to establish the true distribution of the dependent

variable _hen the independent variables are non-normal. Even in the instance

of normal variables, exact analytical methods for arriving at the distribution

of the dependent variable are not available when the independent variables

are in a functional form other than in terms of sums or differences. This is
true when the depe_t variables are not totally independent of each

other (Section 2).

The worm which has been done _'or the synt_is of specific distributions

in specific functionalrelationshlps has been summarised in Tables 2.1 and 2.2

2).

i all problems of synthesis of distributions, thus making it a very powerfulmethod (Section 2).

Also, numerical methods exist for the synthesis of distributions. The
Fourier and Mellin transform methods, for example, lend themsel_s to numerical

molution; whereas, the Monte Carlo method is a direct nu=erical approach to

l

I
I

The Algebra of _ormal Functions method appears to provide the most

expeditious method for determining the failure-governing stress and stremgth
distributions from normally distributed random variables. Howe_r_ exact

solutions are obtained only for sums and differences of random variables,

and the remaining cases are only approximations. Only in instances vbere the
variances of the distributions are a small percentage of their means and the

distributions are substantially raaoved from the origin does The Algebra of

_ormal Functions method provide results of sufficient accuracy. This aspect

requires further investigation (Section 2).

Only meager published statistical information exist8 on the distributions

of parameterS entering the failure-governing stress function. This dearth

of information includes such important design parameters as loads, stress

concentration, notch sensitivity, and such physical properties as Youug's

Modulus, Poisson's Ratio and others (Section 3).

The same picture is found for the parameters entering the failure*
governing stremgth function. Among these parameters are the following i

size, surface finish, manufacturing processes, surface treatment, corrosion,

cavitation, wear, and temperature. Hardly any distributional data on these
factors has been found to exist. This again points out to the fact that

much research needs to be conducted for the generation of such _ch*needed

!
i 3_0



!

_ data so that the design-by-rellabillty methodology can be implumnt_i

wi_ its _ potential (Section 3).

In the instance of fatigue strength distribution det4_mlnation, computer

_t/x_Is were developed for the determination of life cycles°to-failure dls-

_ri_tions at specified stress levels and for their conversion to strength
_istributions at specific life cycles. These methods enable the desi_ of

parta subjected to fatigue loads on the basis of their reliability (Sections

j 4).

Methods have been presented for the analytical, semi-a_ical, and

o_er det_ti_u of the reliability of a mechanical oomponent given
its failure-governing stress and st_'ength distributions, regardless of the

Dature of these distrit_tions (Section 5).

A major effort for the first year's se_t of this research was expended

in the design, construction, and development of a combined bending-torsion
fatigue reliability research machine as no such comm_cially available machines

could be found. These machines utilize the four-square principle, enabling

the locking-in of the torsional stresses which are superimposed onto the

reversed bending stresses in a rotating specimen simulating a shaft. These

machines are unique, enabling the application of 3,5_0 in.-Ib, of bending

moment and 5,400 in.-ib, of torque. A specimen can be subjected to either

torsional or bending stresses, or both, over a wide range of stress ratios

of bending stress to torsional stress (Section 6).

Two of these machines are presently running satisfactorily in a research

program for the determination of the failure-governing strength eurface for
approximately 750 specimens made of SAE 4340 cold-drawn steel) co_dition C-4,

beat treated to hardness RC 35/40. These specimens have a 3/h in. major

diameter, and are grooved to a 1/2 in. minor diameter, with a groove radius
of O.145 in.. This results in a theoretical stress concentration factor of

1.41. The test plan involves six stress levels and six stress ratios to

enable the generation of experimental fatigue strength surfaces which will

enable the designer to couple with his fatigue failure-governing stress dis-
tributlon surface and calculate the component reliability, when the com-

ponent is subjected to such stresses (Section 6).

The fatigue research program being pursued with these machines is 11%

complete and the major effort is presently being expended in the generation

of more fatigue data towards the completion of the planned experimental

research program. The results obtained to date are given in Table 7.3. A

preliminary reduction of the test data obtained to date has been accomplia_ed
and the result summarized in Table 7.6. This reduction involves the fitting

of the normal and lo_ormal distributions to the life cycles-to-failure data.
Conclusions as to whether the normal or lognormal distribution best fits this

data has to await the completion of the research program and the determina-

tion of the strength dlet_i_tions i_r_lw_d (Sectiom 7).

It should be noted that relatively higher stre_ have been exhibited

by the specimen material in its present geometry than found in the published

literature and handbooks, indicating the necessity for research into this

aspect for an adequate explanation of this phenomenon.
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The successful completion of the experimental research program, of

the determination of the time-dependent strength distributions, and of

the theoretical and computer determination of the resulting reliabilities

for the material being researched upon is merely a matter of time.
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OVERALL RECOMMENDATIONS

The design-by-reliability methodology should be used to the fullest

extent possible by the modern design engineer. However, many aspects

_aln to be explored further as the field is still in its early sta_es
of development. Much more research needs to be conducted in this field,

 clu tng the following:

I. The true failure-governin_ strength criteria and their statis-

tical applicability to specific materials and load combinations

should be determined, including those of the distortion energy

and maximum shear stress.

2. The applicable failure-governing strength surfaces should be

experimentally determined, and the theories developed in Item 1
above should be verified statistically.

3. The distributions of strength design factors, including those

of size, surface finish, manufacturing processes, surface treat-

ment, corrosion, cavitation, wear, and temperature, should be

determined.

_. The failure-governing stress factor distributions, including
those of loads, stress concentration, notch sensitivity, and of i

such physical properties as Young's Modulus, Poisson's Ratio, J

and others, should be determined.

5. The Fourier Transform and Mellin Transform methods should be

developed more fully to extend their usefulness for the synthesis

of functions of random variables for mechanical reliability

applications.

6. Analytical and computer methods for the synthesis of the follow-

ing distributions sB_uld be developed:

I. Wslbull

2. Gamma

3. Beta

@

These distributions are of potential importance in the area of

mechanical reliability.

Other functions of random variables such as Y - InX, Y - •X ,

T - sinX, etc., should be investigated. These will eventually

be necessary for mechanical reliability work.
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8. other distributions should be investigated further, including

I0.

12.

13.

15.

17.

18.

the following,

i. Series Representation

2. Extremal

3. Double Exponential

4. Lattice

The applicability of these distributions to mechanical relia-

bility should be studied.

Further efforts should be expended to determine the applica-

bility of the various distributions on a physical and phen_ne-

nological basis rather than on the empirical basis of best-fit-

to-data.

The question of what is an independent and what is a dependent
random variable in mechanical reliability theory should be

clomely and care should be taken to apply the results

of functions of random variables correctlyp based on whether

the variables are truely independent or dependent.

The functions of random variables for mixed (not identically

distributed) distributions, such as the product of lognormal

and normal distributions, should be studied. The results of

such studies, as found in the literature, do not appear, as

yetj to be too applicable to mechanical reliability.

The accuracy of the approximations used in The Algebra of

Normal Functions should be evaluated.

The Monte Carlo method should be developed more extensively

for solving problems involvi_ functions of random variables.

Analytical and computer methods should be developed for the
determination of t_ reliability of a complex part when the

failure-governing stresa and strength distributions are surfaces.

The strength surfaces for specimens of different geometry and
stress concentrations than those being presently tested should

be determined.

The strength surfaces for specimens of materials different

than those being presently tested should be determined.

The strength surfaces for specimens subjected to a variety of
other actual enviro_ental conditions should be determined.

The phenosemon of the relatively higher strength exhibited by

the grooved SAE _40 specimens used in this research and the
indication that notched specimens exhibit higher apparent

strengths than um_tched specimens should be thoroughly investi-

gated.
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ABSTRACT

A PROBABILISTIC METHaD _ DESIGNING SPECIFIED

RELIABILITIES INTO MECHANICAL COMPONENTS WITH

TIME DEPENDENT STRESS AND STRENGTH DISTRIBUTIONS

By Dr. Dimitri Kececio&lu, Joe W. McKinley and Maurice J. Saroni
The University of Arizona

January, 1967, 330 pP.

A basic methodology for design-by-reliability in combined-stress

fatigue, with time dependent strength distributions, is developed and
discussed. Numerous examples are given, utilizir_ both the Von Mises

and maximum shear stress theories of failure. Mathematical methods

used in treating problems in functions of random variables are

thoroughly reviewed, and results which apply to f.J_nctlonsof random
variables are given. Methods discussed includes Algebra of Normal

Functions, Change of Variable, X4oment Generating Function, Fourier

Transform, Mellin Transform, Characteristic Function, Cumulative

Distribution, and Monte Carlo. Methods for determining and handling

failure-governing stress and strength distributions are given.
Methods for determining reliability or_e the failure-governing stress

and strength are known are given.

The design, fabrication, and operation of a combined-stress fatigue

testing machine for reliability research are discussed. A testing

program for verification of the design-by-rellability methodology is

described.
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